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Abstract
Biological tissue mechanics with fibres modelled as one dimensional
Cosserat continua. Applications to cardiac tissue in healthy and diseased
states.
by Kevin Sack

Classically, the elastic behaviour of cardiac tissue mechanics is modelled using anisotropic
strain energy functions capturing the averaged behaviour of its fibrous microstructure.
The strain energy function can be derived via representation theorems for anisotropic
functions where a suitable nonlinear strain tensor, e.g. the Green strain tensor, describes
locally the current state of strain [57, 150, 158]. These kinds of approaches, however,
are usually of phenomenological nature and do not elucidate on the complex heterogeneous material composition of cardiac tissue characterized by different fibre hierarchies
interwoven by collagen, elastin and coronary capillaries [61, 115]. Thus, pathological
changes of microstructural constituents, e.g. with regards to the extra cellular matrix,
and their implications on the macroscopically observable material behaviour cannot be
directly investigated.
In this research the fibrous characteristics of the myocardium are modelled by one dimensional Cosserat continua. This additionally allows for the inclusion of fibre motion
relative to the matrix representing the non-local material response due to twisting and
bending of fibres. In this sense, a so-called characteristic scaling parameter associated
with the micro structure, becomes a material parameters of the formulation. The ability
to explicitly account for torsion and bending in the constitutive law gives this approach
a natural advantage over classical formulations. Moreover, the additional degrees of
freedom in the kinematic description allow for more complex, realistic deformations.
The assumed hyperelastic material behaviour of myocardial tissue is represented by a
nonlinear strain energy function which includes the contributions linked to the Cosserat
fibre continuum and the complementary terms which refer to the extra-cellular matrix.
Utilizing the element-free Galerkin method, simulations of the left ventricle undergoing various stages of the cardiac cycle are introduced to investigate ventricular tissue
mechanics.
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Chapter 1

Introduction
Cardiovascular disease is the single leading cause of death in the world accounting for
30% of all human mortality [4]. Despite the recent advancements of pharmaceutical,
surgical, device and tissue engineered therapy strategies, cardiovascular disease remains
one of the most costly, common and deadly medical conditions. Despite current worldwide efforts to treat cardiovascular disease, projections show an increase in predicted
mortality 1 , keeping cardiovascular disease as the leading cause of death globally [4, 87].
Historically, clinical treatments for cardiovascular disease have been developed primarily
by trial and error as opposed to a comprehensive understanding of the structural and
mechanical changes that a diseased heart undergoes. Recent advancements in numerical methods and the proliferation of inexpensive high performance computing power
has enabled more sophisticated simulation tools that could allow for greater insight into
cardiovascular disease and guide the development of modern therapies.
Specifically, understanding and accurately describing the material and mechanical behaviour of the cardiac tissue is of great importance. The wall of the heart consists of
three distinct layers known as the endocardium, myocardium and epicardium. The endocardium and epicardium have little functional influence for mechanical considerations
and are of the order of 100µm. Our focus will be on the description of the myocardium
tissue in the left ventricle. Figure 1.1, reproduced from Holzapfel and Ogden [58] outlines the geometry and structure of the left ventricle starting from the macro-scale and
further focusing on the basic structure of a small scale block. Mathematically describing
the point located at the origin of fibre local coordinate systems in Figure 1.1 (d) is the
primary objective this research.
1

Reliable projections up until 2030.

1
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Figure 1.1: Schematic diagram of: (a) the left ventricle of the heart; (b) the structure
through the thickness of a block taken from the equator of the left ventricle; (c) Five
distinct layers showing the fibre orientation; (d) the layered organisation of myocytes
and the collagen fibres between sheets.

An important aspect when creating constitutive laws for cardiac modelling is the accurate description and representation of the fibrous nature of the myocardium tissue.
Mathematically this is best thought of as a non-linear, hyperelastic material with orthotropic properties arising from the micro-structure influence of the myocyte fibres.

1.1

Modelling of biological tissue mechanics

Modelling the mechanical behaviour of the heart has been a scientific endeavour for the
last 30 years. The development of this field can be considered a part of a larger goal to
accurately model human soft tissue. Different models over time have been introduced
and have either been successfully developed or discarded for more accurate or efficient
alternatives. What was originally modelled as an elastic or visco-elastic material, lacked
the mechanical influences of the complex structure to accurately describe myocardium
tissue. Specifically over the last 15 years, models have introduced phenomenological
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properties as a means to overcome the complex structure on a macro and micro scale.
A problem to this approach is the shortage in in experimental data suitable for detailed
parameter estimation. Increasing attempts to include the micro structural influences
have emerged with the hope to better capture the complex material response by placing
a larger influence on the multi-scale physics underlying the behaviour.
The following outlines the various model developments for passive material behaviour of
myocardial tissue, starting with the first published attempts and concluding with the
most recent, relevant and sophisticated formulations published in the last few years.
Yuan-Cheng Fung is credited in the literature [61, 63, 118] for being one of the first
to describe a constitutive relationship for passive myocardial behaviour. What was initially proposed as a linear isotropic strain energy function was later developed as a
quadratic and then an exponential description. The first invariant based constitutive
model is credited to Humphrey and Yin [65]. The strain energy function introduced an
exponential “fibre specific” term to account for the material anisotropy. The early developments of Fung-type strain energy functions were limited to describing the myocardium
as transversely isotropic [63].
Costa et al. [26] extended the formulation of Fung to an orthotropic formulation by
introducing a fibre specific coordinate system and specifying principle material stiffness
along the fibre, sheet and normal directions. The orthotropic formulation has varied
slightly over time with minor modifications being introduced. Common formulations
include those presented in Usyk et al. [147], Kerckhoffs [72], Holzapfel and Ogden [58]
and others.
The need to place a larger emphasis on the micro structure is expressed heavily in the
literature [47, 58, 134]. Over the last 10 years, significant progress has been made to
achieve this with multi-scale modelling. Smith et al. [133] introduced a one of the first
multi-scale models, by including cellular considerations for calculating the global active
tension during contraction. Hussan et al. [66] includes micro mechanical contributions
from the myocytes (and their perimysial collagen mesh), modelling them as cylinders
with mechanical degrees of freedom corresponding to twist, bend and splay. In the
mechanical modelling of hard biological tissue, various micro continuum approaches
have also been investigated [2, 18, 103, 157]. However soft biological tissue remains
significantly under investigated with respect to micro continuum theories.
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Cosserat continuum theory

Classical theories of solid mechanics follow the theory of continua outlined by Cauchy
in the early 19th century for homogeneous elastic solids in the small strain deformation
range. Maugin [88] summarises the main axioms of Cauchy that hold for classic materials
in the following four statements:
1. Cauchys postulate. The traction exerted on a face of a solid depends on the geometry of that face only (i.e the local unit normal); it will be linear in that normal
and independent of the curvature of the internal surface. The notion of a stress
tensor follows, the so called stress being the only “internal force” in the theory.
2. It is understood that the matter in the solid is continuously distributed and fills
the entire region of space it occupies (i.e the body is Euclidean and connected), as
opposed to discrete particles with empty spaces.
3. There are no applied couples in both volume and surface.
4. There exists no microstructure described by additional internal degrees of freedom.

In this context, a representative volume element (RVE) is considered a substantial representation of the entire body, with regards to mechanical behaviour. As a result the
material behaviour of the RVE undergoing external loading can be utilized to find material parameters that correspond to the entire body and in the limit for a single material
point. In this sense, material parameters are always associated with the RVE and are
a statistical average. The concept is based on the assumption that the RVE is large
enough in comparison to the micro-constituents of the material to the effect that any
micro-structure behaviour is averaged out. While the concept can and is applied successfully to many materials and models, in the case where the characteristic length of
the micro-constituents are large enough in comparison to the dimensions of the body
(i.e small scale structures, granular materials etc) this assumption breaks down [6].
The emergence of a generalized continua stem from a relaxation of the four basic axioms
outlined above, with the motivation to describe material behaviour including a deeper
understanding of kinematics at small scales.
The development of generalized continuum theories and the ideas that led to the description of micropolar continuum were pioneered by Cauchy, Voigt, Helmholtz, Kelvin, the
Cosserat brothers and others at the turn of the 19th century. The seminal work of the
Cosserat brothers, Théorie des corps déformables [25] was the first official introduction
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of these ideas. Following the publication, there was a significant period of stagnation
in the field. It took almost five decades for new work in the field to appear [3]. Important study and progress of linear Cosserat theory was developed by Toupin [143, 144],
Mindlin and Tiersten [91, 92], Eringen and Suhubi [34, 36], Kessel [73], Neuber [95],
Schaefer [126] and many others.
In Generalized continuum theories that include the micro structure, each material point
is associated with additional degrees of freedom usually relating to the micro continuum.
A common representation of this, is to introduce a set of micro directors at the material
point, and formulate a kinematic description accordingly.
Taking up again the idea of micro-directors attached to each material point, it is possible
to constrain the motion of these directors in such a way that the micro body only exhibits
certain strain conditions. This can be useful to mathematically model multi-scale physics
problems, with micro continuum deformation. Various classifications exist, based on the
deformation modes experienced by the micro continuum (or directors)[122]. These can
be summarised as
1. Micropolar: if the micro continuum behaves as a rigid body;
2. Microstretch: if only stretch and rigid body rotations are considered; and
3. Micromorph: for stretch, shear and rigid body rotations [35].
Micropolar continuum mechanical models originated in the Cosserat theory of elasticity
[25] and are characterized by the property that each material point inherits a rotation
field which is independent of and additional to the conventional displacement field. The
material response of a body to an external force is a corresponding force stress field
(force per unit area) as well as a couple stress field (torque per unit area). A micropolar
elastic solid will contain at least one additional material parameter in comparison to a
corresponding classical elastic solid. These additional elastic constants corresponding to
the couple stress are dependent on a characteristic length scale parameter which can be
related to the material’s micro structure.
It was shown that the classical couple stress theories (which contain no characteristic
length parameter), like those proposed by Toupin [144] were encompassed as special
cases of the Cosserat continuum theory [27].
Additionally, classical elasticity assume that stress at a material point is dependent on
local features, i.e strain, strain rate, and strain history at a given point, and do not
account for contributions from neighbouring points. This treatment neglects physical
properties that become relevant when the micro and macro length scales are comparable
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and the continuum behaviour at a point is influenced by the deformation of neighbouring
points. In contrast, Cosserat continuum theory does account for the influence of neighbouring material points by introducing curvature and couple stresses into the kinematics
and constitutive laws of the problem. These contributions are scaled by a characteristic
length which is a direct and elegant method of including information about the micro
structure.
Another method of dealing with heterogeneous materials is to establish a relation between macro and micro features in terms of localization and homogenization techniques
[1, 45]. Significant work has been done in this field, particularly with respect to higher
order homogenization techniques and their ability to capture the size effects of the micro
space [76, 77].
The motivation for utilizing a generalized continuum formulation is strongly supported
by experimental observations. Problems that are characterized by size scale effects,
whereby the interaction between the micro and macro constituents of a material changes
with their relative ratio is well documented. This has been found with the torsional hardening of copper wires, dependant on the diameter [42], the elastic bending of polypropylene microcantilevers [90], and the rigidity in porous synthetic material [79]. Also in
hard biological tissue, such as wet bone, similar size-scale effects were noticed due to the
ratio of pore diameters with respect to the specimen size [2, 18, 103, 157].
In all cases classical elastic theories substantially failed to predict the experimental
results, whereas the generalized continuum theories were more successful. Of particular
interest, the experiments with hard biological tissue were seen to be very successfully
modelled using the Cosserat theory applied by Park and Lakes [103] as well as the strain
gradient theory developed by Aifantis [2].
The development of nonlinear, i.e geometrically exact, Cosserat and micropolar theories is presented in the works of Sansour and Bufler [124]; Steinmann [136]; Sansour
and Bednarczyk [123]; Forest et al. [44]; Sansour [119] and others. This allows for a
geometrically exact description of finite deformation and rotation.

1.3

Thesis motivation, aims and objectives

Biological tissue is a complex heterogeneous material with a significant hierarchical
micro-structure that influences the material on a macro scale [39, 61, 115, 129]. Cardiac
tissue is no exception, with the collagen enmeshed fibres being the dominant material
constituent and orientated in a significantly complex arrangement. The majority of computational research attempt to account for this through a phenomenological approach.
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However these approaches rely heavily on experimental data, of which there is a significant shortage. There is an increasing need to include micro continuum influences,
modelling the multi-scale physics of cardiac mechanics more accurately. The successful
inclusion of generalized continua approaches, including Cosserat models, in the application to other hard biological tissue, i.e bone [2, 39, 103, 115], has proved successful in
capturing more realistic material responses.
Motivated by these results in hard biological tissue, this research intends to adopt the
work of Sansour and Skatulla [121] and extend its application to soft biological tissue.
One can hypothesize that including contributions from the micro level will create more
accurate multi scale simulations and furthermore will provide a more complete understanding of cardiac function. This study aims to include one dimensional Cosserat rods
as a mathematical representation of the fibre bundles found within cardiac tissue. Investigation into the higher order contributions from the one dimensional rods will be
analysed in application to small cardiac specimens and left ventricular representations.
The model will be tested by comparison of simulated and experimental data.

1.4

Organization of thesis

In Chapter 2 the fundamentals of classical continuum mechanics needed to describe
cardiac mechanics are reviewed. The kinematic measures used to describe deformation
and the stress measures needed to relate forces to deformation are introduced. Finally,
the constitutive laws for a hyperelastic material are introduced to describe materials
with isotropic, transversely isotropic and orthotropic properties.
In Chapter 3 the framework for the Cosserat continuum is introduced. The Cosserat
strain tensors and their variational forms are derived. This is followed by the presentation of the variational principle based on the Cosserat continuum which includes the
corresponding equilibrium equations.
In Chapter 4 a suitable one dimensional Cosserat continuum framework is introduced
specifically for the applicable to one dimensional fibre bundles. The fibre local coordinate
system is also introduced and the necessary Cosserat strains are derived for application
to the one dimensional continuum. The fibre specific variational principle is presented.
In Chapter 5 the various constitutive laws used to investigate cardiac mechanics are
introduced. These include both linear and nonlinear laws presented for homogenised
and non-homogenised materials. Additionally a novel and equivalent strain invariant
form is introduced for the nonlinear formulation.
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In Chapter 6 the physiology of the heart is reviewed. The morphology, fibre orientation
and simplified geometry of the left ventricle is discussed. The passive and active mechanics of the heart are considered with respect to healthy and diseased heart function.
Finally, the boundary conditions controlling the cardiac cycle are introduced.
In Chapter 7 the passive mechanical model is then simulated and validated with pressure
volume relationships of experimental results. The mechanical model is extended to simulate the active stages of the cardiac cycle in a healthy heart. The results of the healthy
model are compared with experimental data and literature results. Initial investigation
into modelling diseased cardiac function is also presented.
In Chapter 8 the key results are summarised and their significance discussed. Recommendations for further development of this cardiac model are discussed.

Chapter 2

Classical continuum mechanics
Continuum mechanics is a mathematical discipline that deals with the analysis of the
kinematics and mechanics of deformable materials where the materials are modelled as
continuous media, as opposed to discrete particles. The mathematical preliminaries of
continuum mechanics are essential to the analysis and study of cardiac mechanics.
The fundamental assumption is that the material is continuous and completely fills the
space it occupies. Additionally the underlying molecular structure is generalised by the
overlying material properties. Thus, each point can be subjected to any kind of stress
and strain, based on certain physical and material laws, in the same way as the overall
structure, irrespective of its size.
In this chapter, fundamental equations relating to non-linear continuum mechanics will
be introduced and the relations of these equations to stress and strain will be highlighted
as they have been employed quite extensively afterwards. For more detailed descriptions
and derivations, the reader may consult Mase and Mase [86].

2.1

Kinematics in classical continua

Consider a body B in a three dimensional Euclidean vector space characterised as the
reference state (i.e the undeformed configuration). B is parametrised by the Cartesian
coordinates X1 , X2 and X3 where the associated basis vectors are denoted by e1 , e2
and e3 . After being subjected to certain boundary conditions, the body, at time t, in
its deformed state is referred as Bt . To describe this transition of state, a non-linear
deformation mapping ϕ : B → Bt is introduced, enabling us to define the relation of
a material point in the reference configuration X ∈ B and the current configuration

9
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x ∈ Bt :
x = ϕ(X, t)

X = ϕ−1 (x, t)

and

(2.1)

The mapping ϕ(X, t) is defined as a bijective function, i.e. each material coordinate
X ∈ B has a unique and corresponding spatial coordinate x ∈ Bt and the same is given
for the inverse map, ϕ−1 , from Bt to B.
Following the derivation of Sansour and Skatulla [121], we introduce ϑi , i = 1, 2, 3 ,
the coordinate system parametrizing convected B, we define, Gi , the co-variant tangent
vectors spanning the corresponding tangent space T B by
Gi =

∂X
∂ϑi

Gi ∈ T B.

with

(2.2)

Similarly for T B t being the tangent space of B, the covariant base vector is
gi =

∂x
∂ϑi

gi ∈ T B t .

with

(2.3)

The following operators with respect to the material (or reference) configuration and
spatial (or current) configuration are considered in Table 2.1:

Table 2.1: Gradient and Divergence operation in the material and spatial configuration

Configuration
Operator

Material

Gradient

∂
∂X (•)

Divergence

Grad(•) =
Div(•) =

∂
∂Xi (•)

Spatial
= ∇(•)

· ei = ∇ · (•)

grad(•) =
div(•) =

∂
∂x (•)

∂
∂xi (•)

= ∇t (•)

· ei = ∇t · (•)

With ϕ being known, the corresponding invertible linear tangent map F labelled as the
deformation gradient tensor, is established as the gradient of ϕ. The Jacobian J given
by the determinant of F is the measure of the change in volumes from from B to Bt .
Modelling realistic mechanics only allow for
J = detF = det(Grad ϕ) > 0,

(2.4)

that is, a material undergoing deformation has to maintain volume. For the case when
there is no deformation, we obtain the trivial solution that Bt coincides with B, whereby
F = 1, the identity tensor. For this case J = detF = 1.
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With the displacement field given by u(X, t) = x(X, t) − X, the deformation gradient
F can be alternatively defined as
F = 1 + Grad u.

(2.5)

Utilizing (2.2) and (2.3) we can relate the covariant base vectors in the reference and
current configurations by
gi (ϑi , t) = Gi + u,i ,

(2.6)

Where the comma denotes a partial derivative. The corresponding dual contra-variant
vectors are donated as Gi and gi respectively. The Riemannian metric in each configuration is given by
Gij = Gi · Gj

and

gij = gi · gj

(2.7)

respectively. The deformation gradient can equally be represented by as the tangent
map
F = gi ⊗ Gi ,

(2.8)

which can further be considered as F = (Gi + u,i ) ⊗ Gi , when using Eq. (2.6).
Any change in time is termed the local rate of change and expressed as,
∂
(•).
∂t

(2.9)

Therefore, the overall time rate of change is
•˙ =

D
∂
∂
dxi
(•) = (•) +
(•)
.
Dt
∂t
∂xi
dt

(2.10)

Correspondingly, the Jacobian, can also vary with respect to time:
J˙ = J div ẋ.

(2.11)

For later usage, we also take into account that a surface element in its material configuration dA with its unit normal n is related to its counterpart in the spacial configuration
da with its unit normal ν by
νda = JF−T n dA,

(2.12)

and one can relate a volume element in the reference configuration dV to its counterpart
in the current configuration dv by
dv = J dV.

(2.13)
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The change in length of a line after deformation would require the difference between
the length in the deformed configuration, dx2 , and the undeformed one, dX2 :
dx2 − dX2 = (FT F − 1) : (dX ⊗ dX).

(2.14)

Based on the above, the right Cauchy-green tensor is defined as:
C = FT F.

(2.15)

In turn, the Green strain tensor, symmetric in nature, can now also be introduced as a
function of C:
1
1
E = (C − 1) = (FT F − 1).
2
2

(2.16)

The multiplicative or polar decomposition of F expresses the tensor as the product of
an orthogonal rotation tensor R and a positive-definite stretch tensor U
F = RU.

(2.17)

Combined with Eq. (2.15), the right Cauchy-green tensor can also be expressed as,
C = U2 .

(2.18)

With the eigenvalues of U, the scalar invariants of C are:
I1C = tr(C) = λ21 + λ22 + λ23

1
(trC)2 − tr(C2 ) = λ21 λ22 + λ22 λ23 + λ23 λ21
I2C =
2
C
I3 = det (C) = λ21 λ22 λ23 .

2.2

(2.19)
(2.20)
(2.21)

Stress measures

Stress is a physical quantity that expresses the distribution of internal forces on a continuous body. Stress inside a body arise as a reaction to external forces applied to the
material. These can be body forces, b which apply to the entire bulk material (i.e gravity) or traction forces t(ν ) which apply to the material’s surface with unit normal ν (i.e
friction).
Following the Cauchy stress principle that the resulting force ∆f on a surface element
∆a which is part of a cutting plane throughout the body Bt defines in the limit the
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traction vector t(ν ) acting on the surface with normal ν:
lim

∆a→0

∆f
df
=
= t(ν )
∆a
da

(2.22)

then the state of stress at each point x ∈ Bt is introduced by the Cauchy stress lemma:
t(ν) (x, t) = σ T (x, t)ν(x, t)

(2.23)

with σ defined as the Cauchy stress tensor in the spatial coordinate of x. If the stress
state of the same point in the undeformed configuration is to be found, then the element
surface to be considered is dA with a unit normal of n:
t(n) (X, t) = P(X, t) n(X, t)

(2.24)

with P being the first Piola-Kirchhoff stress tensor which is now a function of the
coordinate X. P relates stresses with forces in the current configuration as acting on
areas in the reference configuration. It is desirable to construct another stress measure,
the second Piola-Kirchhoff stress tensor which is related to the the first Piola-Kirchhoff
through the deformation gradient
P = FS.

(2.25)

The second Piola-Kirchhoff stress tensor is completely defined in the material configuration and is symmetric, unlike P. The symmetry of the second Piola-Kirchhoff tensor
and others is a result of the conservation of angular momentum and is further discussed
in Section 2.3. Using σ, P can be defined differently. This is done by first assuming
that a force f acting on da is not different to the one applied on dA. Therefore,
df = Pn dA = σ T νda = σ T det(F)F−T n dA.

(2.26)

Where, the first Piola-Kirchhoff stress can also be calculated from:
P = det(F)σ T F−T .

2.3

(2.27)

Balance laws of continuum mechanics

If a body is subjected to perturbations of any form (e.g force, temperature or magnetic
field), then the following fundamental physical laws can be used to describe the behaviour
of the body:
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• The law of Conservation of Mass ensures that there is no mass loss or gain
when the body change from the undeformed to the deformed configuration.
• The law of Linear and Angular Momentum Conservation is related to
Newton’s Second Law which defines the rate of change of linear and angular momentum over time, resulting in force and momentum.
• The law of Energy Conservation is related to the Principle law of Energy
which states that energy can neither be created nor destroyed but can only change
forms. However, in this project, we focus mainly on the conversion of energy into
deformations.

2.3.1

Conservation of mass

Consider a continuum body Bt at time t or any arbitrary sub-body, whose mass is
calculated by:
Z
ρ(x, t) dv

m=

(2.28)

Bt

with ρ being in the current configuration. The principle of conservation of mass states
that the body will conserve its total mass throughout its motion. This asserts that the
derivative with respect to time is zero
d
ṁ =
dt

Z

Z
{ρ̇(x, t) + ρ(x, t) div ẋ} dv = 0.

ρ(x, t) dv =
Bt

(2.29)

Bt

Since Bt is arbitrary,
ρ̇(x, t) + ρ(x, t) div ẋ = 0.

(2.30)

As the mass remains the same, irrespective of the different configurations it went through,
Z

Z

m=

ρ(x, t) dv =
Bt

ρ0 (X) dV

(2.31)

B

where, ρ0 , is the density in the reference configuration. Using the Jacobian,
Z
{ρ(X, t) J − ρ0 (X)} dV = 0.

(2.32)

B

Knowing that B is arbitrary, we are left with,
ρ(X, t) J = ρ0 (X).

(2.33)

If the derivative of the above is taken with respect to time,
d
(ρ(X, t) J) = 0
dt

as

d
(ρ0 (X)) = 0.
dt

(2.34)
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Another useful equation that is proposed to evaluate the material derivative,
d
dt

Z

Z

ρ(x, t) Ȧ(x, t) dv

ρ(x, t) A(x, t) dv =

(2.35)

Bt

Bt

where A is a field of unit mass.

2.3.2

Linear momentum conservation

If a material continuum body, B, is subjected to a body force b and a surface traction
tν is applied to a boundary surface, ∂B, the principle of linear momentum states that
the rate of change of the linear momentum equals the total resultant force acting on the
body:
Z

Z

d
dt

(ν)

t

ρ(x, t) ẋ dv =
Bt

Z
b(x, t) dv.

(x, t) da +

(2.36)

Bt

∂Bt

Introducing the Cauchy stress lemma and making use of the Gauss divergence theorem,
Eq (2.36) is transformed into the global equation of motion:
Z


ρ(x, t) ẍ − div σ T − b(x, t) dv = 0.

(2.37)

Bt

The local form of the equation of motion is obtained if one acknowledges that Bt is
arbitrary,
div σ T + b(x, t) = ρ(x, t) ẍ.

(2.38)

For constant velocity field, ẋ(x, t), the acceleration field, ẍ, is zero, reducing Eq (2.38)
to the equilibrium equation:
div σ T + b(x, t) = 0.

(2.39)

The above steps can be repeated for quantities in the reference configuration. The global
equation is now:
d
dt

Z

Z
ρ0 ẋ(X, t) dV =

Bt

t

(n)

Z
(X, t) dA +

∂Bt

b(x, t) dV.

(2.40)

Bt

Applying the Gauss’ divergence theorem and utilizing Eq (2.24),
Z
{ρ0 ẍ(X, t) − div P − b(X, t)} = 0.

(2.41)

Bt

Since Bt is arbitrary, to get the localised equation of motion which shall now be called
the Lagrangian equation of motion:
div P + b(X, t) = ρ0 ẍ(X, t).

(2.42)

Chapter 2. Continuum mechanics

16

Finally, the Lagrangian equilibrium equation with constant velocity field is given by,
div P + b(X, t) dV = 0.

2.3.3

(2.43)

Angular momentum conservation

Angular momentum is defined as a moment of the linear momentum about a particular
reference point, which is usually taken as the origin of a coordinate system:
d
dt

Z

Z
x × ρ(x, t) ẋ dv =
Bt

x×t

(ν)

Z
x×b(x, t) dv.

(x, t) da +

(2.44)

Bt

∂Bt

Normalising the integrands by taking the material derivative, using the Cauchy stress
tensor σ and utilizing the Gauss’ divergence theorem,
Z



x × ρ(x, t) ẍ − div(x×σ T ) + x×b(x, t) dv = 0

(2.45)

Bt

with
div(x×σ T ) = Grad x×σ T + x×divσ T .

(2.46)

Simplifying the above, Eq. (2.46) is transformed into:
Z


x × ρ(x, t) ẍ +  : σ T − x×divσ T − x×b(x, t) dv = 0

(2.47)

Bt

Since Bt is arbitrary,
x × ρ(x, t) ẍ − x×divσ T − x×b(x, t) +  : σ T = 0

(2.48)

Then, with Eq (2.38), we have:
 : σT = 0

(2.49)

showing the symmetric properties of the Cauchy stress tensor.
Setting up the Lagrangian form of the above equations,
d
dt

Z

Z
x(X, t) × ρ0 ẋ(X, t) dV =

B

(n)

x(X, t) × t
∂B

Z
x(X, t) × b(X, t) dV.

(X, t) dA +
B

(2.50)
Utilizing the first Piola Kirchhoff stress and using the Gauss Divergence theorem,
Z
{x(X, t) × ρ0 ẍ(X, t) − div (x(X, t) × P) − x(X, t) × b(X, t)} dV = 0
B

(2.51)
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Taking the divergence of (x(X, t) × P),
Z
{x(X, t) × (ρ0 ẍ(X, t) − divP − b(X, t)) − Grad x(X, t) × P} dV = 0

(2.52)

B

with Eq (2.42)
Z
F × P dV = 0.

(2.53)

B

Since the integrand is arbitrary,

F × P =  : FPT = 0

(2.54)

this time demonstrating the symmetric property of (FP)T :
FPT = PFT .

(2.55)

As S = PFT , the second Piola-Kirchhoff stress is also symmetric.

2.4

Variational formulation

In the analysis of nonlinear initial value boundary problems, a coupled system of partial
differential equations, specifically, the deformation and strain descriptions, local balance
laws of momentum and constitutive equations, have to be considered. In cardiac mechanics these relations and the complex geometries they are applied to require computational
approximation methods to be employed.
In this research the use of the Element-free Galerkin method which is a so-called mesh
free method is utilized. Element-free Galerkin (and the standard Galerkin method) is
based on a variational formulation of the governing equations, also known as the principle
of virtual work or the weak form.
Consider a nonlinear boundary value problem on domain B with boundary ∂B. Dirchlet boundary conditions are prescribed u = ū on ∂BD ⊂ ∂B and Neuman boundary
conditions Pn = t̄(n) are prescribed on BN ⊂ ∂B such that
∂BN ∪ ∂BD = ∂B
∂BN ∩ ∂BD = ∅.
Assuming hyperelastic material behaviour, we let ρ0 ψ(E) define the stored energy function per unit volume as a function of the Green strain tensor, given by Eq. (2.16). The
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internal work is often expressed as
Z

∂ψ(E)
: δEdV =
Wint (u) =
ρ0
∂E
B

Z
S(u) : δEdV

(2.56)

B

where δE is the variation of the Green strain tensor. Using Eqs. (2.16) and (2.5) allows
us to express S as a function of u.
The variational formulation of continuum mechanics states that the total external work
Wext is equal to the total internal work Wint . The external work corresponds to work
done by the external forces such as body forces b acting over the volume of the body
and prescribed traction forces t̄(n) acting on the surface of the body. The external work
is given by
Z

Z
ρ0 b · δudV +

Wext (u) =
B

t̄(n) · δudA

(2.57)

∂BN

where ρ0 is the density in the reference configuration, b is the body force, t̄(n) is the
traction acting on the Neuman boundary surface ∂BN with unit normal vector n and
δu is the variation of displacement. The full variational formulation is
δΨ(u) = Wint − Wext = 0
Z
Z
Z
=
S : δEdV −
ρ0 b · δudV −
B

B

t̄(n) · δudA

(2.58)

∂BN

where u = ū on ∂BD . It can be shown that the fulfilment of the variational form satisfies
the governing equations with the same boundary conditions. For more details on the
variational form one is directed to Holzapfel [59], Bonet and Wood [12] and Wriggers
[156].

2.5

Constitutive laws

Constitutive laws allow us to describe the relationship between stresses within a body
B to specified strain measures. Formulation of constitutive laws depend on the material
under consideration, allowable deformations (i.e incompressibility) and certain physical
principles (i.e frame invariances). For most materials undergoing small strain deformations it is appropriate to approximate the stresses as a linear function of the strain.
However, this assumption is not applicable to cardiac mechanics, where the material
undergoes significant deformation.
Hyperelastic material descriptions begin with the formulation of an elastic potential
Ψ. From this elastic potential, or strain energy function, we derive the stresses and
consequent constitutive law of our material. It is convenient to define the strain energy
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function in terms of the principal invariants of E. The principal invariants of a tensor are
scalars quantities that remain constant for any orthogonal coordinate transformation.
The second order tensor E contains three independent invariants
I1E = tr(E)

1
(trE)2 − tr(E2 )
I2E =
2
E
I3 = det(E).

(2.59)
(2.60)
(2.61)

It should be noted that I3E will be a function of the Jacobian J as well as the other two
invariants, and as such can be included in constitutive relations as a means to enforce
incompressibility via a penalty relation.

2.5.1

Isotropy

An isotropic material is a material where the material properties are independent of the
direction in which they are measured. Consider the St. Venant-Kirchhoff model, which
is defined by the strain energy function
1
Ψ(E) = λtr(E)2 + µtr(E2 ),
2

(2.62)

where λ and µ are the Lamè parameters which characterise the material response. Using
the second part of Eq. (2.56) we can derive second Piola-Kirchhoff stress tensor as
S=

∂Ψ(E)
= λtr(E)1 + 2µE.
∂E

(2.63)

4

The material fourth order elasticity tensor C is defined by the partial derivative of the
second Piola-Kirchhoff stress tensor with respect to Green strain
4

C=

∂S
,
∂E

(2.64)

which for the St. Venant-Kirchhoff material is conveniently expressed in index notation
as
4

C ijkl =

∂Sij
= λδij δkl + µ(δik δjl + δil δjk )
∂Ekl

(2.65)

Making use of Eqs. (2.59) and (2.60) it is possible to construct the St. Venant-Kirchhoff
strain energy function in terms of the invariants of E. This is given as
1 2
Ψ(I1E , I2E , I3E ) = I1E (λ + µ) − µI2E ,
2

(2.66)
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which by definition ensures the condition of isotropy. Using the chain rule one can
compose S in the general sense as
S(I1E , I2E , I3E ) =

3
X
i=1

ρ0

∂ψ(I1E , I2E , I3E ) IiE
.
∂E
∂IiE

(2.67)

4

C can be derived in a similar manner.

2.5.2

Transverse isotropy

Materials that exhibit different deformation properties depending on the material direction are called anisotropic. The simplest case and often the first step in modelling
anisotropy is transverse isotropy; the case where the material behaviour in a certain
preferred direction is different from the bulk material. In the transverse plane orthogonal to this preferred direction, the material behaves in an isotropic manner. A simple
applicable case is an isotropic material reinforced with uniform cylindrical fibres.
To mathematically describe transverse isotropy we introduce Vf to denote a co-variant
vector in fibre direction and V̂f its contra-variant equivalent. Following the work of
Klinkel et al. [74], we define a structural tensor representing the one dimensional fibre
continuum as
Mf = Vf ⊗ V̂f .

(2.68)

Strain energy function that exhibit transverse isotropy require additional invariants
to accurately represent the fibre reinforcement in the preferred direction Vf . This is
achieved by introducing two additional fibre invariants given by:
E
I4f
= tr(Mf E)

(2.69)

E
= tr(Mf E2 ).
I5f

(2.70)

The inclusion of these invariants into the strain energy function (with additional material
parameters) fulfil any requirements to describe transverse isotropy. The second PiolaKirchhoff stress tensor is consequently derived as
E
E
S(I1E , I2E , I3E , I4f
, I5f
)

=

5
X
i=1

E , IE ) E
∂ψ(I1E , I2E , I3E , I4f
5f Ii
.
ρ0
E
∂E
∂Ii

(2.71)
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Orthotropy

For an orthotropic material with three orthonormal material co-variant directions Vf ,
Vt and Vn we can define additional structural tensors as
Mt = Vt ⊗ V̂t

(2.72)

Mn = Vn ⊗ V̂n .

(2.73)

Where V̂f , V̂t and V̂n are the corresponding contra-variant vectors. This allows us
to compose additional strain invariants relating to these material directions. These are
introduced as
E
I4t
= tr(Mt E)

(2.74)

E
I5t
= tr(Mt E2 )

(2.75)

E
I4n
= tr(Mn E)

(2.76)

E
I5n
= tr(Mn E2 ).

(2.77)

Note that
X

E
I4i
= E : (Mf + Mt + Mn ) = E : 1 = I1E ,

(2.78)

i=f,t,n
E , I E , I E and I E independent.
making only three of the invariants I4f
4t
4n
1

This allows us to describe an orthotropic material via the use of nine independent strain
invariants or seven in the case of incompressibility where J = 1. Another approach is
to express the strain energy function in terms of the local material directions directly.
The required basis transformation needed to achieve this will be dealt with in detail in
Chapter 4. Each strain component of the local Green strain tensor can be associated
with the orthonormal basis (Vf , Vt , Vn ) such that
E =Ef f Vf ⊗ V̂f + Ett Vt ⊗ V̂t + Enn Vn ⊗ V̂n + Ef t (Vf ⊗ V̂t + Vt ⊗ V̂f )
+ Ef n (Vf ⊗ V̂n + Vn ⊗ V̂f ) + Etn (Vt ⊗ V̂n + Vn ⊗ V̂t ).

(2.79)

Where the symmetry of the Green strain tensor is utilized in the formulation. As an
example, the orthotropic strain energy function for cardiac tissue used in Usyk et al.
[147] is expressed as

1
Ψ = A eQ − 1 ,
2
2 + b E 2 + b (E 2 + E 2 ) + b (E 2 + E 2 ) + b (E 2 + E 2 ).
with Q = bf f Ef2f + bnn Enn
tt tt
tn
ft
fn
nt
tn
ft
tf
fn
nf

The material stiffness parameters bij govern the anisotropy, while A is used as global
stress scaling factor to assist in calibrating the material to experimental results.

Chapter 3

Three dimensional Cosserat
continuum
3.1

Overview

The Cosserat continuum falls under the family of generalized continuum mechanics
classified as micropolar continua, defined by Eringen [35]. Micropolar continua are
characterized by the additional degrees of freedom that each material point inherits, independent of the classical displacement field. The field of study originated with the work
of the Cosserat brothers, Théorie des corps déformables (1909) [25], and was developed
and popularized in the the mid 1960s.
The following derivations rely heavy on the works of Sansour [120, 122, 123] and Skatulla
[121, 131, 132].

3.2

Deformation and strain measures

In the classical Cosserat continuum every material point P is assigned a rotational field
independent of displacements [120], enriching the continuum with additional degrees of
freedom. Furthermore, whereas classical continua can be described by one strain measure, i.e. by the stretch tensor, the Cosserat continuum requires, due to the independent
rotation field, a second strain measure. Consider R ∈ SO(3) where SO(3) is defined as
SO(3) = {R ∈ R3 |RT R = 1, and det(R) = 1}

22
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We start with an explicit expression for the rotational field R, based on the Rodrigues
equation [121]:
R(ϑi , t) = 1 +

cos |γ| 2
sin |γ|
Γ
Γ+
|γ|
|γ|2

(3.2)

where γ denotes the rotation vector and Γ(ϑi , t) ∈ so(3) is a skew symmetric tensor
with γ as its axial vector. Here so(3) is defined as the corresponding lie algebra of the
lie group SO(3).
The Cosserat continuum features two strain measures. The first Cosserat strain tensor
is a stretch-like tensor given by:
U(ϑi , t) = RT F

(3.3)

where it should be noted, that unlike it’s classical counterpart, is not symmetric in
general. The second Cosserat strain measure is a change of curvature strain tensor given
by:
1
K(ϑi , t) = −  : (RT R,i ) ⊗ Gi
2

(3.4)

Considering R ∈ SO(3), it holds that RT R = 1 and further that the derivative RT,i R +
RT R,i = 0. This implies that that the tensor product RT,i R is skew symmetric and an
axial vector ki exists such that
1
ki (ϑi , t) = axial(RT R,i ) = −  : (RT R,i ),
2

(3.5)

where  is the permutation tensor. This allows us to express Eq. (3.4) as
K(ϑi , t) = ki ⊗ Gi

(3.6)

Variants of the Cosserat strains
Following the work Sansour and Skatulla [121], the variation of U is expressed as:
δU = −RT WF + RT δF
= −RT WF + RT δu,i ⊗ Gi

(3.7)

Note that variations of rotations are not only multiplicative, but for the quasi-static case
we only consider the so called left group action W, which is skew-symmetric. We are
able to express δK through it’s axial vector k in a similar manner to how we obtained
Eq. (3.7) as
δki = axial{δ(RT R,i )} = RT w,i .

(3.8)
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Where w is the axial vector of W.

3.3

Variational formulation

We look at establishing a strain energy function as a function of the two Cosserat strain
measures [121]. The stored strain energy per unit volume is the defined as:
ρ0 ψ(U, K)

(3.9)

Where hyperelastic material behaviour is assumed, ρ0 is the density in the reference
configuration and l the so called characteristic length is included in the formulation of
ψ, as the contributions from K are associated with l. The incorporation of l into the
stored energy functions is commonly achieved by integrating over the micro-continuum


l2
.
within the limits − 2l , 2l , producing an additional multiplicative term 12
This allows us to express the internal work of the system as:
Z 
Wint =


∂ψ(U, K)
∂ψ(U, K)
ρ0
: δU + ρ0
: δK dV
∂U
∂K

(3.10)

B
Z

Wint =

{n : δU + m : δK} dV

(3.11)

B
∂ψ
∂ψ
Where n = ρ0 ∂U
, the force stress tensor, and m = ρ0 ∂K
, the couple stress tensor, are

work conjugate to U and K, respectively.
Corresponding to internal virtual potential we define Wext as the external virtual work,
the source of which are the external forces acting on the body. The external work is
given as
Z
Wext =

Z
ρ0 b · δu dV +

B

Z
ρ0 l · w dV +

B

t̄

(n)

Z
· δu dA +

∂BN

q̄(n) · w dA

(3.12)

∂BN

Where b and l are the external body force and torque respectively. The corresponding
quantities on the boundary are given by t(n) and q(n) . The vector w is work conjugate
to the external torque.
For the static case, the first law of thermodynamics provides the following variational
statement
δΨ(U, K) = Wint − Wext = 0.

(3.13)
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Now, considering Eqs. (3.7) and (3.4), we can compose the internal work Eq. (3.11) as:
Z
Wint =
B
Z

=


Rn : (δu,i ⊗ Gi − WF) + Rm : w,i ⊗ Gi

dV

RnGi · δu,i − RnFT : W + RmGi · w,i

dV.



(3.14)

B

Further simplifications can be made on the term containing the skew symmetric tensor
W, noticing that
RnFT : W = RnGi ⊗ x,i : W = RnGi : Wx,i = RnGi · w × x,i
= x,i × RnGi · w ,

(3.15)

allowing us to write the variational statement as
Z

RnGi · δu,i dV −

Z

x,i × RnGi · w dV +

RmGi · w,i dV − Wext = 0

(3.16)

B

B

B

Z

We apply Gauss’s divergence theorem to the terms containing δu,i and w,i . This gives
us the full expression for the variational formulation in terms of virtual displacement δu
and virtual rotation w, expressed as
Z
Z
1 √
i
− √ ( GRnG ),i · δu dV + Rnn · δu dA − x,i × RnGi · w dV
G
B
B
∂B
Z
Z
1 √
− √ ( GRmGi ),i · w dV + Rmn · w dA − Wext = 0.
(3.17)
G
Z

B

∂B

Where G is the determinant of the Riemannian metric coefficient given in Eq. (2.7).
Due to δu and w being arbitrary (the variational from must be valid for any choice of
δu and w), the local statements of the governing equations can be expressed directly
from Eq. (3.17) as
1 √
√ ( GRnGi ),i + ρ0 b = 0
G
√
1
x,i × RnGi + √ ( GRmGi ),i + ρ0 l = 0
G

in B

(3.18)

in B .

(3.19)

The accompanying Neuman boundary conditions are given as
Rnn = t̄(n)

and

Rmn = q̄(n) ,

on ∂BN ,

and the Dirchlet boundary conditions as u = ū and γ = γ̄ on ∂BD .
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Stress measures

Following the work of Sansour [120], we define a moment tensor, also known as the couple
stress tensor, ξ which is expected to satisfy the Cauchy lemma with respect to external
moments. The couple stress tensor ξ and the Cauchy stress tensor σ can be cast into
material setting, by defining the following isometric material stress and moment tensors
Σ=

ρ0 T
R σR
ρ

and

Ξ=

ρ0 T
R ξR.
ρ

(3.20)

These material stress measure can be related to the previously introduced force stress
tensor n and couple stress tensor m [120]. This is given by
Σ = nUT

and

Ξ = mUT .

(3.21)

and

ξ = JRmUT RT .

(3.22)

Combining Eqs. (3.20) and (3.21) yields
σ = JRnUT RT

Where J is the Jacobian defined in Eq. (2.4). This allows us to express the force stress
and couple stress state of the problem in terms of the current configuration.

Cartesian systems
In the case of a Cartesian coordinates system the following simplifications can be made:
Gi = Gi = ei

with

ϑi = Xi .

Furthermore, the determinant of the Riemannian metric coefficient, G = 1.

(3.23)

Chapter 4

One dimensional Cosserat Fibre
4.1

Main objective

Imposing the Cosserat continuum theory on a one dimensional space would produce a
one dimensional continuum, a so-called “Cosserat rod”, with a rotational field independent to the conventional displacement field. Modelling isolated fibres and fibre reinforced
continua has already been achieved with great success [39, 93, 103]. There has even been
some recent application of a one dimensional Cosserat rod theory in computer animations and visualization software [102, 135]. However, the application of the Cosserat
continuum has yet to be applied to biological soft tissue, specifically with regards to
cardiac mechanics.
By considering a fibre bundle as a Cosserat rod we are able to consider material stiffness
parameters relating to the change of curvature strains of one dimensional rod theory
directly in the material laws. The ability to explicitly account for torsion and bending
in the constitutive law gives this approach a natural advantage over classical formulations. Moreover, the additional degrees of freedom in the kinematic description allow for
more complex, realistic deformations. The scaling of the contributions are ultimately
determined by a length scale parameter, l. Physically one could consider this as a measure of the cross sectional diameter of the fibre, but it is more accurately considered
as a mathematical weighting of the micro space and is not necessarily limited to the
dimensions of the micro structure’s physiology.
As illustrated in Figure 4.1, a Cosserat rod can experience axial, shear, torsional and
bending deformations, each of these associated to the material stiffness parameters corresponding to Youngs modulus, E, Shear modulus, G, and the second moments of inertia
for torsion, I1 and bending, I2 , respectively.
27
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Figure 4.1: Various deformation modes of a one dimensional Cosserat rod.

It is our hope that the application of Cosserat theory to cardiac mechanics will help
capture more realistic deformations of the cardiac tissue and the left ventricle as a
whole while undergoing cardiac function.

4.2

Fibre local coordinates

In the same manner as Costa et al. [26], Usyk et al. [147] and Kerckhoffs [72] a local
orthonormal coordinate system {Vf , Vt , Vn } describes fibre orientation, sheet-tangent
direction and sheet-normal direction, respectively. This is consistent to the schematic in
Figure 1.1. In this sense a specific entry in a higher order tensor can be referred to by
the fibre local components (i.e shear strain in the the plane normal to the fibre in the
direction of the sheet would correspond to the entry Uf t ).

4.3

Cosserat measures of a one dimensional rod

Consider a one dimensional fibre continuum mapped by the coordinate s = s(ϑi ). As
such the fibre is assumed to be embedded in three dimensional space. The fibre deformation gradient is given by:
F(s) =

∂x ∂ϑi
⊗ V̂f = vf ⊗ V̂f
∂ϑi ∂s

(4.1)
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where Vf denotes a co-variant vector in fibre direction and V̂f its contra-variant equivalent. The fibre direction in the current configuration is expressed by vf = FVf . In
this sense, F(s) is the projection of the deformation gradient F in direction of the fibre.
Making use of the structural tensor introduced in Eq. (2.68) allows us to alternatively
express F(s) = FMf [74]. Similarly, we find associated strain measures U(s) and K(s) ,
respectively, for the Cosserat fibre continuum:
U(s) =

RT F(s)

K(s) = − 21  : RT

4.4

∂ϑi

∂R
⊗ V̂f
∂ϑi ∂s

= Uf f Vf ⊗ V̂f + Utf Vt ⊗ V̂f + Unf Vn ⊗ V̂f
= Kf f Vf ⊗ V̂f + Ktf Vt ⊗ V̂f + Knf Vn ⊗ V̂f

Variational formulation

Following the same approach outlined in the previous chapter, we look at establishing a
stored strain energy function for the the one dimensional fibre bundle ψf ibre as a function
of the two Cosserat fibre strain measures
ψf ibre (U(s) , K(s) ).

(4.2)

where hyperelastic material behaviour is assumed and l, the so called characteristic
length of the underlying micro structure is associated with K(s) . This allows us to
express a variational principle as
δΨf ibre

Z n
o
=
n(s) : δU(s) + m(s) : δK(s) dV − Wext = 0.

(4.3)

B

The force stress tensor, n(s) and the couple stress tensor, m(s) for the fibre bundle are
work conjugate to U(s) and K(s) respectively. They are expressed as
n(s) =
m(s) =

∂ψ
∂U(s)
∂ψ
.
∂K(s)

Chapter 5

Constitutive model development
Developing the constitutive model has been a key research area of this study. The
constitutive model governs the material response to external stimuli of the computational
model. How to best reflect the physiological material response of cardiac tissue, in a
meaningful, accurate and reasoned manner is addressed in this chapter.
Mathematical representations of the one dimensional fibre bundle and the accompanying
extracellular matrix (ECM), together with the various stages of the constitutive model
development are presented in the following sections. Meaningful experiments and results that inform some of the developmental steps may be referred to here, but will be
presented in full in Chapter 7.

5.1

Overview: one dimensional Cosserat fibre embedded
in a three dimensional matrix

The one dimensional Cosserat rod cannot provide a fully meaningful description for a
three dimensional continuum on its own. A trivial investigation into this would show
that the resulting fourth order tangent stiffness tensors would violate the positive definiteness requirement needed to solve the system of equations. Additionally the physical
description of cardiac tissue is complex and would be improperly simplified by a one
dimensional representation. The myocardium is often described as a sum of its main
components, i.e a combination of myocytes which accounts for two thirds of the material
volume and an extracellular matrix which accounts for the remaining third [22]. Subsequently, the inclusion of the ECM in constitutive development is essential as it plays a
significant role in the mechanics of the problem [43]. The ECM has various components,
most notably collagen (85% of which are type I, 11% type III and 3% type V) [20] which
30
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(a) Schematic of a highly magnified, cross sectional (b) Rat cardiac tissue, stained with Hematoxylin and
view of cardiac tissue
Eosin at 400x magnification.

Figure 5.1: The bulk of myocardium tissue is composed of striated myocytes, surrounded in an extracellular matrix. Figure (a) is reproduced from [152] and Figure (b)
from [19].

are responsible for the structural support and contributes to the mechanical stiffness of
the problem. Other components include elastin, fibroblasts, plasma cells, endothelial
cells, smooth muscle cells, the coronary capillaries and proteins [153] [68]. The approach
of this research is to consider the components under two main categories:
1. The fibrous structure: composed of a bundle of myocytes bound by perimysial
collagen fibres, which are anisotropic.
2. The complementary connective tissue: made up from remaining components of
the ECM, which will be considered isotropic.
For brevity these will be referred to as fibre bundles and the ECM in the subsequent
model development. The first concern in the constitutive model development was on the

Vn

Vn

Vn

Vt

Vt
Vf

Vf

Vt
Vf

Figure 5.2: The main objective of the constitutive model is to take the cardiac specimen and create a mathematical representation. In this case we consider contributions
from a three dimensional ECM and a fibre bundle
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method chosen to combine the influences from these two components. Two approaches
have been chosen, each with their own advantages. First chosen was a homogenization
approach, in which stress contributions from the ECM and the fibre are allowed to
overlap. Both constituents have stiffness parameters along fibre directions and their
contributions to the stress tensors n and m are weighted through the use of volume
fractions.
The second approach, and the one most used this study, is a direct (or invariant) approach that does not utilize homogenization. The contributions from the ECM are
limited to exclude the stress contributions from the fibre. In this sense the fibre is
fully responsible for stress in the fibre directions nf f , ntf , nnf and the ECM experiences the remaining bulk behaviour. We can express the collection of ECM strains as
U(m) = U \ U(s) which results in
U(m) = Utt Vt ⊗ V̂t + Unn Vn ⊗ V̂n + Uf t Vf ⊗ V̂t
+ Uf n Vf ⊗ V̂n + Utn Vt ⊗ V̂n + Unt Vn ⊗ V̂t .

(5.1)

This allows for the exclusion of volume fractions, as they are rendered unnecessary and
thereby reducing the number of material parameters needed to calibrate.

5.2

Linear-elastic stored energy formulation

The first approach to modelling cardiac tissue was to employ a fully linear constitutive law. This would mean that the fibre and ECM would both be governed by linear
relationships between stress and strain. Under the assumption of hyperelastic material behaviour this would require a strain energy function that would produce linearly
composed stress tensors upon differentiation.
We establish an additive stored energy function ψ(U, K) with separate contributions
from the fibre, the ECM and a penalty term that enforces the incompressibility
ψ = ψf ibre (U(s) , K(s) ) + ψECM (U(m) ) + Acomp (J ln J − J + 1) .

(5.2)

Acomp is the scaling parameter that enforces incompressibility, the form of which is
popular in biological soft tissue [99, 148]. We define ψECM (U(m) ) as an isotropic St.
Venant-Kirchhoff material
ψECM (U(m) ) =

1
(m)
(λδij δkl Uij Ukl + 2µδil δjk Uij Ukl ) with Uij , Ukl ∈ Uab .
2

(5.3)
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While ψf ibre is defined as a de-coupled function of the two fibre Cosserat strain measures,
such that ψf ibre (U(s) , K(s) ) = ψI (U(s) ) + ψII (K(s) ). Assuming symmetry in cross fibre
directions, they can be expressed as:

1
2
2
EAf Uf2f + GAf Utf
+ GAf Unf
2

1
2
2
GI1 Kf2f + EI2 Ktf
+ EI2 Knf
2

ψI (U(s) ) =
ψII (K(s) ) =

(5.4)
(5.5)

where E is Young’s modulus G is the shear modulus, I1 and I2 are the second moments
of area corresponding to torsion and bending and Af is the cross sectional area of the
fibre bundle. In this sense, the characteristic length, l, is incorporated directly in the
cross sectional area, Af =

πl2
4

and the second moments of area I2 = I1 /2 =

πl4
32 .

This

allows us to express a variational principle as
Z
{n : δU + m : δK} dV − Wext ,

δΨ =

(5.6)

B

where the force stress tensor, n (excluding the contributions from the incompressibility
enforcement term) and the couple stress tensor, m, given by
n =
m =

1 ∂ψI
∂ψECM
+
∂U
Af ∂U
1 ∂ψII
Af ∂K

are work conjugate to U and K respectively. Additionally the contributions from the
fibre have been normalized with respect to the cross sectional area, limiting the internal
length scale l, associated with the microspace, as a feature of the change of curvature
strains only. It should be noted that K only has contributions from the fibre and as
such coincides with K(s) , while U has contributions from both the fibre and the ECM
and is fully set. This does not pose any problems with implementation as the positive
definiteness condition is only required on the first stress tensor n and it’s corresponding
fourth order tangent stiffness tensors.
The linearisation of the stress tensors are fourth order stiffness tangent tensors, often
referred to as “material elasticity tensors” or “constitutive tensors” , which relate strains
into stress measures over discrete intervals. For the linear constitutive law, linearisation
produces two unique constitutive tensors H(1),(2) , given by
H(1) =

∂ 2 ψECM
1 ∂ 2 ψI
∂n
=
+
∂U
∂U∂U
Af ∂U∂U

(5.7)

H(2) =

∂m
1 ∂ 2 ψII
=
∂K
Af ∂K∂K

(5.8)
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Homogenization approach

In certain applications it may be preferable to utilize a homogenization approach instead
of the method outlined above. In such a case one needs to introduce volume fractions
volF and volM to weight the contributions from the fibre and the ECM accordingly.
Total volume is preserved by enforcing volF + volM = 1. Additionally we no longer
utilize U(m) , rather the fully set strain measure U.
The stored energy function governing the behaviour of the matrix is extended to
ψECM (U) =

1
(λδij δkl Uij Ukl + 2µδil δjk Uij Ukl ) .
2

(5.9)

As a St. Venant-Kirchhoff material, ψECM (U) can inherit the incompressibility condition, especially in the formulations utilizing a Poisson’s ration such that ν → 0.5. The
stored energy function for the fibre remains unchanged as in Eq. (5.5). This allows us
to express a variational principle as
Z
{n : δU + m : δK} dV − Wext = 0,

δΨ =

(5.10)

B

where the force stress tensor, n and the couple stress tensor, m, are weighted by volume
fractions and are given by
1 ∂ψI
∂ψECM
+ volF
∂U
Af ∂U
1 ∂ψII
m = volF
.
Af ∂K
n = volM

(5.11)
(5.12)

In this manner the stresses from the fibre and matrix “overlap” in specific directions
and their combined contribution is weighted via the use of volume fractions. The fourth
order constitutive tensors are developed in the same way.
Results of the linear constitutive law, for both approaches are presented in Chapter 7
under section 7.1.

5.3

Nonlinear elastic stored energy formulation

It is well known in that linear constitutive laws are fundamentally unsuitable for the
modelling of biological tissue. Biological tissue exhibits highly nonlinear properties resulting from the complex fibre-collagen arrangement and composition inherent in the
material. For example it has been shown for rat cardiac tissue, the arrangement of collagen strands surrounding fibre bundles are chaotic and sporadic in relaxed tissue, yet
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under strain these collagen fibres are “stretched” into alignment with the muscle fibres
[60, 151]. In the small strain range these fibres exhibit very little tension, allowing large
strains to occur under relatively low loading conditions. Once the fibres align the tissue
becomes increasingly stiffer at a rapid rate. This is phenomenon is illustrated in Figure
5.3. The majority of models today utilize nonlinear, exponential laws (often referred
to as Fung-type exponentials) to capture this material nonlinearity. The exponential
function is well suited to this type of deformation.

Figure 5.3: Schematic diagram reproduced from [60] of a typical (tensile) stress-strain
curve for soft biological tissue showing the associated fibre morphology.

Consider the stored energy function of the material given by

1
ψ = A expBQ −1 + Acomp (J ln J − J + 1) .
2

(5.13)

Where A and B are stress scaling coefficients and Q is a function of the material strains,
weighted by material parameters defined by
2
2
) + a2
+ Unf
Q = a1 Uf2f + a2 (Utf

I1 2
I2
2
)+
Kf f + a1
(K 2 + Knf
Af
Af tf

2
2
2
+ Utn
).
b1 (Utt2 + Unn
) + b2 (Uf2t + Uf2n + Unt

The material parameters ai and bi govern the material anisotropy for the fibre and
matrix respectively. In this case, transverse isotropy has been modelled, requiring four
material parameters. Introducing an additional material parameter a3 , to supplement
the fibre anisotropy or allowing for an additionally defined flexural stiffness, would allow
for an orthotropic material law.
For a given function Q there exists unique scaling coefficients A and B for the exponential
Fung type stored energy function which can be shown explicitly.
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Proof. Assume that there exists two pairs of scaling coefficients {A, B} and {C, D} that
give the same strain energy potential. This implies that ∀Q,
AeBQ = CeDQ .
Using a Taylor expansion on both expressions yield
∞
X
AB n eBQ
n=0

n!

n

Q =

∞
X
CDn eDQ
n=0

n!

Qn

(5.14)

Equating coefficients based on the order of Q provides
AeBQ = CeDQ

(5.15)

ABeBQ = CDeDQ

(5.16)

AB 2 eBQ = CD2 eDQ

(5.17)

..
.

(5.18)

AB ∞ eBQ = CD∞ eDQ .

(5.19)

Substitution of Eq. (5.15) into Eq. (5.16) shows that B = D. Then simple comparison
shows A = C. Therefore, by contradiction A and B are a unique pair.
For convenience and compactness, consider the parameter matrix for the stretch based
strain Uij and a corresponding material parameter matrix A given by


Uf f


U =
 Utf
Unf

Uf t Uf n
Utt
Unt




Utn 
,
Unn



a1 b2 b2








A=
 a2 b1 b2  ,
a2 b2 b1

B=

a2 I1 0 0




1 
 a1 I2 0 0  .


A
a1 I2 0 0

We can create similar corresponding matrices for K and a respective material parameters
B. Of course, for a one dimensional fibre, there would only be three components active
in the change of curvatures strains Kf f , Ktf and Knf . This allows us to compose
2
Q = Aij Uij2 + Bi1 Ki1
.

(5.20)

Derivation of the force stress tensor n and the couple stress tensor m becomes straightforward using this matrix notation:
nij =

∂ψ
= Aij Uij ABeQ
∂Uij

and

mij =

∂ψ
= Bi1 Ki1 ABeQ
∂Kij

(5.21)
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Four tangent stiffness tensors emerge from linearisation of the variation statement. These
are given by the partial derivatives of these stress tensors by each of the strains U and
K. These can be expressed as
(1)

Hijkl =
(2)

Hijkl =
(3)

Hijkl =
(4)

Hijkl =

∂nij
∂Ukl
∂mij
∂Kkl
∂nij
∂Kkl
∂mij
∂Ukl

(5.22)
(5.23)
(5.24)
(5.25)

Following the same process as the derivation of the stress tensors we can compose the
tangent stiffness tensors as
(1)

(5.26)

(2)

(5.27)

(3)

(5.28)

(4)

(5.29)

Hijkl = Aij δik δjl ABeQ + 2Aij Uij Akl Ukl AB 2 eQ
Hijkl = Bij δik δjl ABeQ + 2Bij Kij Bkl Kkl AB 2 eQ
Hijkl = 2Aij Uij Bkl Kkl AB 2 eQ
Hijkl = 2Bij Kij Akl Ukl AB 2 eQ

5.3.1

Invariant based approach

Alternatively, we consider the invariant form of the nonlinear stored energy function
expressed by Eq. (5.13), but with a modified Q defined by
Q = b1 (tr(UMf ))2 + b2 (tr(UMt ))2 + b3 (tr(UMn ))2 + b4 (tr(UT UMf )) +
b5 (tr(UT UMt )) + b6 (tr(UT UMn )) + c1 (tr(KMf ))2 + c4 (tr(KT KMf ))
= b1 J42 + b2 J52 + b3 J62 + b4 J7 + b5 J8 + b6 J9 + c1 L24 + c4 L7 .

(5.30)

This can also be expressed in index notation for convenience as


2
2
2
2
Q = b1 Uf2f + b2 Utt2 + b3 Unn
+ b4 Uf2f + Utf
+ Unf
+ b5 Uf2t + Utt2 + Unt
+


2
2
2
2
b6 Uf2n + Utn
+ Unn
+ c1 Kf2f + c4 Kf2f + Ktf
+ Knf
,
(5.31)
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where the three structural tensors are given by Mf = Vf ⊗ V̂f , Mt = Vt ⊗ V̂t and
Mn = Vn ⊗ V̂n . The strain invariants are defined as:
J1 = trU
J2 = tr(UT U)
J3 = tr(U3 )
J4 = tr(UMf )
J5 = tr(UMt )
J6 = tr(UMn )
J7 = tr(UT UMf )
J8 = tr(UT UMt )
J9 = tr(UT UMn )
L4 = tr(KMf )
L7 = tr(KT KMf )
One can justify the exclusion of invariants J1 and J2 by noticing the following reduction
J4 + J5 + J6 = U : (Mf + Mt + Mn ) = U : 1 = J1 ,

(5.32)

showing that only three of the above mentioned invariants are linearly independent. A
similar case exists relating J7 , J8 and J9 to J2 .
Using this invariant formulation we can express the force stress tensor as
n =

1
∂Q ∂Ji
AB expBQ
+ compressibility term
2
∂Ji ∂U

(5.33)

and the couple stress tensor as
m =

1
∂Q ∂Li
AB expBQ
.
2
∂Li ∂K

(5.34)

The partial derivatives of the exponent Q can be compactly expressed as
∂Q ∂Ji
∂Ji ∂U
∂Q ∂Li
∂Li ∂K

= 2b1 J4 Mf + 2b2 J5 Mt + 2b3 J6 Mn + 2b4 UMf + 2b5 UMt + 2b6 UMn
= 2c1 L4 Mf + 2c4 KMf .

Further details outlining the derivation can be found in the Appendix A.3.
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Also, we consider the linearization of n and m as
∂n 1
∂Q ∂Ja ∂Q ∂Jb 1
∂Q ∂ 2 Ja
= AB 2 expBQ
+ AB expBQ
+
∂U 2
∂Ja ∂U ∂Jb ∂U 2
∂Ja ∂U∂U
∂ 2 Q ∂Ja ∂Jb
1
AB expBQ
+ compressibility term
2
∂Ja ∂Jb ∂U ∂U
∂m 1
∂Q ∂La ∂Q ∂Lb 1
∂Q ∂ 2 La
= AB 2 expBQ
+ AB expBQ
+
∂K 2
∂La ∂K ∂Lb ∂K
2
∂La ∂K∂K
∂ 2 Q ∂La ∂Lb
1
AB expBQ
2
∂La ∂Lb ∂K ∂K

(5.35)

(5.36)

∂n 1
∂Q ∂Ja ∂Q ∂Lb
= AB 2 expBQ
∂K 2
∂Ja ∂U ∂Lb ∂K

(5.37)

∂m 1
∂Q ∂La ∂Q ∂Jb
= AB 2 expBQ
.
∂U 2
∂La ∂K ∂Jb ∂U

(5.38)

These are the same tangent stiffness tensors presented in Eqs. (5.22) - (5.25). The
parameters for bi and cj can be found via comparison with the full index formulation
given below:
"
(1)
Hijkl

BQ

=AB exp

B
2



∂Q ∂Ja
∂Ja ∂U

 
ij

∂Q ∂Jb
∂Jb ∂U





+ δik b4 (Mf )jl + b5 (Mt )jl + b6 (Mn )jl
kl

#
+ b1 (Mf )ij (Mf )kl + b2 (Mt )ij (Mt )kl + b3 (Mn )ij (Mn )kl
+ compressibility term
"
(2)

Hijkl =AB expBQ

B
2



1
= AB 2 expBQ
2



1
(4)
Hijkl = AB 2 expBQ
2



(3)
Hijkl

∂Q ∂La
∂La ∂K

∂Q ∂Ja
∂Ja ∂U

 
ij

 

∂Q ∂La
∂La ∂K

ij

∂Q ∂Lb
∂Lb ∂K

 
ij

∂Q ∂Lb
∂Lb ∂K

∂Q ∂Jb
∂Jb ∂U

#


+ δik c4 (Mf )jl + c1 (Mf )ij (Mf )kl
kl


kl


kl

with the partial derivative terms given by


∂Q ∂Ja
∂Ja ∂U



∂Q ∂La
∂La ∂K



= 2 (b1 J4 (Mf )ij + b2 J5 (Mt )ij + b3 J6 (Mn )ij + b4 Uik (Mf )kj +
ij

b5 Uik (Mt )kj + b6 Uik (Mn )kj )


= 2 (c1 L4 (Mf )ij + c4 Kik (Mf )kj ) .
ij

Chapter 6

Cardiac mechanics
In this chapter, the basic functioning of the heart and all its constituents will be presented. The structural components of the heart with a focus on the left ventricle will be
examined. The macro and micro specific considerations for modelling cardiac tissue are
considered in detail and defining characteristics of our model are introduced.

6.1

Structure

Within the heart there are four main cavities through which blood passes. These are
the left and right atria; and the left and right ventricles which are identified in Figure
6.1. The ventricles are larger than the atria as they pump blood out of the heart to the
body and lungs whereas the atria pump blood into the ventricles via valves. The walls
of the left ventricle are formed from muscular myocardium with the outer layer termed
the epicardium and the inner layer the endocardium. The muscle tissue between the
epicardium and endocardium is commonly referred to as the midwall. The bottom tip
of the left ventricle is called the apex, while top of the left ventricle is near the base of
the heart, not to be confused with the bottom.

The mitral valve controls the flow of blood passed from the left atrium to the left ventricle. A large artery, the aorta, connects the left ventricle to the major arteries that
provide oxygenated blood to the rest of the body. Separating the left ventricle and the
aorta is the aortic valve, which opens once the blood pressure in the ventricle rises above
the blood pressure in the aorta.

40

Chapter 6. Cardiac mechanics

41

Figure 6.1: A labelled cross-section of a human heart

The physiological function of the heart can be accurately described using mechanical,
chemical and electrical terms. For example, the electrocardiogram (ECG) is a common
non-invasive diagnostic tool which monitors electrical changes on the skin caused by
the depolarization of the heart. Ventricular pressure and cavity volume are commonly
recorded and presented in medical journals as the benchmark gauges to analyse cardiac
performance and health. Important clinical measurements utilized by clinicians, such as
the stroke volume and the ejection fraction are derived from pressure-volume relations
measured during cardiac function. At the beginning of diastolic filling the pressure is at
it’s lowest and steadily increases as the ventricle fills with oxygenated blood. The aortic
valve remains closed through diastolic filling and during the start of systole, known as
isovolumetric contraction, in order for the cavity to accumulate enough pressure that
will enable a sufficient ejection through the entire blood vessel network of the body. A
typical evolution of the ventricular pressure with respect to its volume is plotted for a
whole heartbeat cycle, shown in Figure 6.2.

The left ventricle is the largest cavity in the heart, and most susceptible to myocardial
infarctions. It is logically the favoured starting point of cardiac modelling and will be
the focus of this study.
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All Valves closed

Isovolumetric
relaxation

Cavity Pressure

Ejection

Ventricular pressure
exceeds aortic pressure,
aortic valve opens

Isovolumetric
contraction
Stroke Volume

End diastolic volume

Mitral valve
opens
All valves closed
Cavity Volume
Figure 6.2: From A to B, the tissue response is passive as the ventricle expands
during diastolic filling. The final filling volume at B is known as the end diastolic
volume (EDV). Between B and C, the cardiac tissue activates while the aortic valve is
closed causing an isovolumetric contraction, meaning that the cavity volume remains
constant during this period. Through C to D, ejection occurs and the myocardium
continue contracting till the ventricle is emptied. The end systolic volume (ESV) is
obtained at D and corresponds to the same value at A. From D to A, the cardiac tissue
relax, lowering the pressure inside but keeping volume constant

6.2

Geometry

6.2.1

Prolate spheroidal coordinates

A common simplification of the left ventricle geometry can be be expressed as a truncated
ellipsoid, defined by the orthogonal prolate spheroidal coordinate system (η, θ, φ) [13,
110]. These coordinates are related to the Cartesian coordinate system in the following
manner:
x = C sinh(η) sin(θ) cos(φ)
y = C sinh(η) sin(θ) sin(φ)
z = C cosh(η) cos(θ)
(6.1)
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The above formulation is suitable to model multiple left ventricle geometries of different
sizes using C as a scaling factor and η to define the thickness of the myocardium wall.
The variable θ ∈ [0, π), is used to determine the relative position of the base and apex
(see Figure 6.3), and φ ∈ [0, 2π), to define a full 360o geometry with a reasonable
geometric likeness of the left ventricle.
The unit vectors of the prolate spheroid system in Cartesian coordinates can be obtained
by differentiating (6.1) by η, θ and φ respectively, and grouping appropriate terms. This
gives
η = nηθφ (cosh(η) sin(θ) cos(φ)e1 + cosh(η) sin(θ) sin(φ)e2 + sinh(η) cos(θ)e3 )
θ = nηθφ (sinh(η) cos(θ) cos(φ)e1 + sinh(η) cos(θ) sin(φ)e2 − cosh(η) sin(θ)e3 )
φ = − sin(φ)e1 + cos(φ)e2 .
Where nηθφ is the normalising scaling factor given by
1
.
nηθφ = q
cosh2 (η) sin2 (θ) + sinh2 (η) cos2 (θ)

z
θ = 0.2π

θ = 0.4π

θ = 0.6π

z
y
θ = 0.8π
θ=π
x

x
(a)

(b)

Figure 6.3: The left ventricle geometry approximated by prolate spheroid coordinates.
(a) Full three dimensional representation. (b) A two dimensional perspective of the
ellipsoid achieved by setting φ = 0. Profile shows the geometry from apex to base with
the η = 0.37 to create the endocardium and η = 0.68 to create the epicardium.
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Fibre orientation

The fibre orientation in the left ventricle has a critical influence on mechanical and
electrical function [33, 112, 155]. The influence on shear strain in the circumferential
and radial plane of the left ventricle is largely dominated by the fibre orientation [145].
However the description fibre orientation in the left ventricle is a highly complex and
sophisticated task, which has been the subject of significant historical disagreement
[16, 46]. This stems from the complex multi scale branching and merging that occurs
on a cellular and micro scale, creating anisotropy features that change dramatically
throughout the structure. The description of the cardiac structure is therefore a three
dimensional network problem.
Myocytes are arranged along their axis to form myofibrils, which vary in orientation
throughout the domain. We establish our fibre orientation Vf along the axis of these
myofibrils which are bundled together by collagen in the ECM. It has been found that
there is a distinct grouping of fibres in sheets, which are coupled via the ECM [83].
The following section outlines the description of an orthonormal fibre local coordinate
system, that accurately portrays the mycocyte architecture of the left ventricle through
the use of unit vectors describing the fibre, Vf , sheet-tangent Vt and sheet-normal Vn
directions at each material point.
To quantify the muscle fibre orientation we make use of the helix fibre angle αh and
transverse fibre angle αt as illustrated in Figure 6.4. For a position P (x, y, z) in the
ellipsoid, αh and αt dictate the angles between the fibre orientation and the unit vector
in the circumferential direction φ.

Figure 6.4: Illustration of the helix fibre angle αh and transverse fibre angle αt in the
left ventricle [13, 111] .

Smooth mathematical functions for fibre orientation are needed for the computational
model. For the helix fibre angle, we include the data set from the experimental studies of
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[138] and [97]. Two data fits have been included for the purposes of this study. The first,
a first order polynomial fit, is employed following the implementation of an optimization
study carried out by [111]. It is important to note that the bulk of the data sets lie in the
midwall region. The majority of curve fitting algorithms would produce fitted functions
that track closely with the bulk of the data set (i.e the midwall) and might not accurately
represent the fibre orientation at the epicardium and endocardium. This motivated the
introduction of a the second curve fit, a first order trigonometric approach. The curve
fitting and analysis was constructed using the curve fitting tools of MATLAB. As evident
in the summary produced in Table 6.1 the trigonometric fit is an overall superior fit in
addition to preserving the edge orientation of the fibres more sufficiently.
Table 6.1: Comparison of accuracy of the two fitted functions for the transmural
course of the helix fibre angle

Type of fit

SSE

1st Order Polynomial
1st Order Trigonometric

R-Squared

RMSE

13.84 × 103

0.875

13.586

103

0.907

11.732

10.32 ×

The data sets, and the two fitted functions are included in Figure 6.5.

Figure 6.5: Transmural course of helix fiber angle αh from () Streeter 1979, equatorial region of human LV; (4) Nielson et al. 1991 , equatorial region of canine LV;
(♦) Nielson et al. 1991, adjacent more apical region of canine LV; (-) Fitted functions.

The lack of experimental data for the transmural angle αt poses a large problem. Widely
cited and used in mathematical models are the results taken from Rijcken et al. [111].
The paper presented the results of fibre orientation, obtained via an optimization routine
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to produce a homogeneous fibre strain distribution in an ellipsoid finite element model
undergoing ejection. There are some concerns surrounding this approach. Firstly, the
premise of homogeneous fibre strain may be flawed. It was previously believed that
the left ventricle fibres contracted or relaxed simultaneously. This misconception stems
from the ways in which information about cardiac function was gathered in the past [16].
Secondly, there is a significant lack of quantitative data available to verify the model,
self acknowledged by [111].
In light of these concerns we propose our own mathematical formulation. Our formulation is based on more recent data published in [14], where fibre orientation of canine
left ventricles were captured using optimized Diffusion Tensor Imaging. The recorded
angle αh corresponds with our previously found results and the results for αt provide
sufficient information to model. The results are summarized graphically in Figure 6.6.
In order to synthesise the transmural angle αt as a smooth function, we introduce the

(a)

(b)

Figure 6.6: Reference results for the helix fibre angle αh and transverse fibre angle
αt from DTI MRI results [14], where v is the transmural coordinate that is −1 at the
endocardium and 1 at the epicardium; and u is a longitudinal coordinate that is 0 at
the equator and 1 at the apex.

following modelled functions


ln(η̂)
αt (η̂, θ̂) = −31θ̂|θ̂|0.6 η̂ 1 −
ln(η̂epi )
θ − θequator
θ̂ =
θapex − θequator
η − ηendo
η̂ = 1.6160
.
ηepi − ηendo

(6.2)
(6.3)
(6.4)
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The transformation applied on η in Eq. (6.4) stems from the curve fitted form of the
trigonometric approximation of αh , which is found to be
αh (η̂) = 110 cos(η̂) − 56.

Proposed αt

Rijkins et al
Bovendeerd et al

Bovendeerd et al
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Figure 6.7: Comparison of different approximations of the transmural angle αt (given
by dotted lines) to actual data (solid lines)

The mathematical representation that Rijcken et al. [111] derive for αt is
αt (u, v) = −38u(1 − v 2 ),

(6.6)

where v is the transmural coordinate that is −1 at the endocardium and 1 at the epicardium; and u is a longitudinal coordinate that is 0 at the equator and 1 at the apex.
Meaningfully transferring these solutions to the prolate spheroidal coordinates is easily
achieved via trigonometric projections of αh and αt onto the relevant unit vectors specified in (6.2). For a position P (x, y, z) in the ellipsoid, we can define the fibre orientation
Vf ∗ , before it is normalized as
Vf ∗ = tan(αt )η + tan(αh )θ + φ.

(6.7)

In order to establish an orthonormal basis system around the fibre orientation, we scale
the fibre to a single unit length given by Vf . This allows us to establish a normalized
fibre orientation field throughout the domain of the truncated ellipsoid geometry as
illustrated in Figure 6.8.

Chapter 6. Cardiac mechanics

z

48

Epicardium
Outer midwall
Inner midwall
Endocardium

y

x
Figure 6.8: Schematic of fibre orientation plotted on half of the ellipsoid domain
accompanied with a zoomed in section of the fibre orientation from equatorial region.
Different colours correspond to distinct layers in the transmural direction.

This formulation of the fibre orientation is formulated in terms of the prolate spheroidal
coordinates. However in order to obtain these, we need to establish a transform map
from the Cartesian coordinate system. Unlike oblate spheroidal coordinates, prolate
spheroidal coordinates are not degenerative, which means that there exists a unique
reversible transform between them and the Cartesian coordinates. These can be considered inverse relations to Eq. (6.1). For a given x, y and z, one can find the prolate
spheroidal coordinates from
tan(φ) =
cos(θ) =
cosh(η) =

y
x
d1 − d2
2C
d1 + d2
.
2C

(6.8)
(6.9)
(6.10)

Where d1 and d2 are the focal points of the ellipse in the plane defined by φ and are
given by
d21 = (z + C)2 + x2 + y 2

(6.11)

d22 = (z − C)2 + x2 + y 2 .

(6.12)

The full derivation can be found in the appendix in Section A.4.
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Cardiac function

A more detailed presentation of the cardiac cycle is presented in this section. During the
cardiac cycle, significant changes in ventricular volume, pressure and chemical composition occur. These changes are divided into distinct stages, characterized by contractile
behaviour of the ventricle: while the ventricle is contracting, it is classified as systole,
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when it is passive it is classified as diastole.
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Figure 6.9: A simplified Wiggers diagram, showing the cardiac cycle in the left ventricle. In the electrocardiogram: wave ”P” corresponds to atrial depolarization, waves
”QRS” correspond to ventricular depolarization, and wave ”T” corresponds to ventricular repolarization. In the phonocardiogram: The sound labelled 1st contributes is
the reverberation of blood from the sudden closure of the mitral valve and the sound
labelled ”2nd” contributes is the reverberation of blood from the sudden closure of the
aortic valve. [41]

Diastole and systole can be further divided into two phases. The four main phases for
the left ventricle can be identified as follows:
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• Passive filling: The mitral valve opens, allowing blood to fill the ventricle. The
cavity volume increases as more blood flows into the ventricle and the pressure
increases accordingly. The material behaves completely passively in this phase.
• Isovolumetric contraction: The ventricle contracts with the mitral valve and aortic
valve closed. The cavity volume remains constant or nearly constant since all valves
are closed and the pressure in the cavity increases due to the contraction of the
ventricle. Active tension is introduced in this phase and continuously increases at
a rapid pace.
• Ejection: Once the pressure within the cavity reaches the same pressure as in the
aorta, the aortic valve opens and blood is ejected from the ventricle. The cavity
volume decreases as blood is expelled from the contracting left ventricle. The
pressure in the cavity first increases further due to the compliance of the aorta
and then decreases as the rate of ejection decreases. The active tension reaches a
peak in this phase and starts to tail off.
• Isovolumic relaxation: Once the cavity ceases to contract further the aortic valve
closes and the ventricle relaxes. The cavity volume remains constant or nearly
constant as all the valves are closed. The pressure decreases due to the relaxation
of the ventricle. The active tension declines to zero and by the end of relaxation
the material is once again in a fully passive state.

The end systolic volume (ESV) is defined as the cavity volume at end of ejection. The end
diastolic volume (EDV) is defined as the cavity volume immediately prior isovolumetric
contraction. The stroke volume is as the amount of blood expelled during systole (i.e.
the difference between end diastolic volume and end systolic volume). The ejection
fraction is defined as the stroke volume divided by the end diastolic volume.
EF =

(EDV − ESV )
EDV

(6.13)

Another commonly used metric to measure healthy systolic function is fractional shortening (FS). This is given as the percentage change in the diameter at end diastole (EDD)
and the diameter at end systole (ESD). The measurements are taken at the equator and
on the endocardium. The formula is given by
FS =

(EDD − ESD)
.
EDD

(6.14)
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Passive mechanics behaviour

The passive mechanical properties of the myocardium has been detailed in Chapter
5. For comparison, a secondary passive constitutive model will be presented. The
model was introduced by Usyk et al. [147] and models the myocardium as a hyperelastic
nonlinear Fung-type stored energy function

eQ − 1
+ Acomp (J · ln J − J + 1),
Ψ=A
2

(6.15)

2 + b E 2 + b (E 2 + E 2 ) + b (E 2 + E 2 ) + b (E 2 + E 2 ).
with Q = bf f Ef2f + bnn Enn
tt tt
tn
ft
fn
nt
tn
ft
tf
fn
nf

The material stiffness parameters bij are multiplied with corresponding components Eij
from the Green strain tensor and, in this way, govern the anisotropy, while A is used as
global stress scaling factor. The second term enforces the incompressibility condition.
The practical difference between our model presented in the previous chapter and this
one is the inclusion of the change curvature strains in the Cosserat continuum. In order
to be comparable with our transversely isotropic model Eq. (6.15) has to be modified
in an appropriate manner. This is achieved by setting bnn = btt and bf n = bf t and
calibrating the model with reduced material parameters.

6.5

Active mechanics behaviour

A key aspect of modelling the mechanics of the heart is describing the active contraction of cardiac tissue. Contraction occurs on a cellular level when the sarcomere, the
contractile unit of the myocyte, develops tension and contracts due to changes in the
intracellular calcium concentration level. The contraction of each individual myocyte
causes the overall contraction of the myocardium. To model this contraction, we employ
a homogenization approach, following the active stress model of Guccione et al. [49],
where the total stress is the combined components from active and passive material
behaviour.
The active stress model requires a constitutive law that describes the dynamics of tension development due to changes in the cell, be they mechanical such as stretch, or
chemical such as intracellular calcium concentration. This constitutive law defines the
active tension, TA as a function of the stretch and time. The resulting active tension is
transformed into an active stress acting in the fibre direction.
Tension development is initiated when an electrical impulse passes over the sarcomere
causing calcium ion channels to open and increasing intracellular calcium concentration.
The increase in intracellular calcium concentration causes a cyclical binding of myosin
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heads with actin and the subsequent sliding and overlapping of the myofilaments. Adenosine triphosphate supplies the energy for contraction of the myocyte. The overlapping
of these myofilaments causes the contraction of the myocyte.
In order to stay consistent with the passive theory model the active approach needs to
be formulated in U and K, i.e. we consider a nonlinear active stress distribution over the
fibre cross section (non-homogeneous active fibre stress over the bundle cross section).
This is achieved by the following ansatz:
TA = f (U + zK) = f (Ū) .

(6.16)

f (Ū) can be evaluated via Taylor series and integration over the cross section:
l

Z2
TA (Ū, t) =

f (Ū, t)|z=0 + z 2

∂ Ū ∂ Ū
∂2f
|z=0
dz =
∂z ∂z
∂ Ū∂ Ū

− 2l

= d f (Ū, t)|z=0 +

l3 ∂ 2 f
|z=0 K2 ,
12 ∂ Ū∂ Ū

(6.17)

where l denotes the diameter of the bundle. As l  1 we consider contributions resulting
from curvature strains as negligible and remove them from the consideration as a valid
simplification without influencing the mechanics of the problem.
In the active stress formulation the total force stress n is defined as the sum of a passive
force stress nP and an active stress nA so that
n = nP + nA .

(6.18)

The passive stress is taken from the passive mechanical law so that when there is no
active stress the myocardium simply behaves passively. The active stress is assumed to
act only in the fibre direction Vf . In this sense the active stress can be defined by the
active tension parameter TA , projected in fibre orientation via the use of the structural
tensor
nA = f (U, t) = TA (U, t) Mf .

(6.19)

Following the formulation of Guccione et al. [49], we introduce a function for the active tension based on chemical and physical properties of the myocardium undergoing
contraction. This model was derived from biophysical considerations of calcium dynamics and crossbridge formation resulting from experimental data. The active tension is
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defined as
TA = Tmax

Ca20

Ca20
Ct (ls , t),
+ ECa250 (ls )

(6.20)

where Ct represents the time transient dependent on time and sarcomere length, ECa250
represents the calcium concentration at which tension is 50%, Ca0 is the peak intracellular calcium concentration, ls is the sarcomere length and Tmax is the maximum tension
developed.
The current sarcomere length is a function of U and the original sarcomere length ls0 ,
given by
ls = ls0 J4 .

(6.21)

Which simply exploits the current stretch of the material point in the fibre orientation
as J4 = tr(UMf ). As such, the linearization of the stress tensor nA needed for the
strain energy approach is given by
HA =

∂nA
∂nA ∂ls ∂J4
=
,
∂U
∂ls ∂J4 ∂U

(6.22)

which complement the other tangent stiffness tensors from the passive mechanics constitutive laws. To further develop the active tension we define the functions ECa250 (ls )
and Ct (ls , t) in Eq. (6.20) as
Ct (ls , t) =
ECa250 (ls ) =

1
[1 − cos ω(ls , t)]
2


 √(Ca0 )max , if ls > l0
B(l −l )
e

s

0

−1


0,

(6.23)

(6.24)

if ls < l0 .

Where B is a constant and l0 is the sarcomere length below which there is no active tension developed. The time dependence of the active tension is described by the function
ω, which is given by


π(t − u)/t0 ,



0
ω = π( t−u−t
tr (ls ) + 1),




0,

if 0 ≤ t < t0
if t0 ≤ t < t0 + tr

(6.25)

if t0 + tr ≤ t.

where t0 is the time to peak tension, u is the depolarisation time (equivalently the
starting time of contraction) and tr is the duration of the relaxation period described as
a function of the sarcomere length
tr = mls + b.

(6.26)
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The active tension parameters presented in Guccione are reproduce in Table 6.2 and are
fitted for a cylindrical representation of the left ventricle.
Table 6.2: Parameters for the active tension model used in [49].

Parameters

Units

Guccione

Tmax

kP a

135.7

Ca0

µM

4.35

(Ca0 )max

µM

4.35

B

µm−1

4.75

l0

µm

1.58

t0

ms

100

m

sµm−1

1.0489

b

ms

-1.429

To validate the model, we reproduce the results shown in Guccione et al. [49], which
demonstrate the active tension as a function of time for multiple sarcomere length choices
in the deformed configuration. The full active tension cycle was reproduced for t ∈
(0, 1000) ms. These are presented in Figure 6.10.
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Figure 6.10: Comparison between Guccione et al. [49] and our own implementation
of active tension as a function of time for multiple sarcomere lengths. (a) Graph taken
directly from Guccione et al. [49]. Comparison of isometric twitches predicted by the
authors ”deactivation” model and their ”Hill” and ”elastance” models at a range of
sarcomere lengths. Our interest lies in reproducing the ”Hill” and ”elastance” model
results, displayed by the dotted lines. (b) Reproduction of active tension results, for
verification purposes. Modelling was performed in MATLAB using parameters from
Table 6.2

Additional care must be taken for the choices of ls0 , that is, the sarcomere length in
the unloaded case. Literature values place the unloaded sarcomere length in the canine
heart between the range of 2.0 − 2.28µm [80, 137]. However Guccione et al. [49] uses a
constant sarcomere length ls0 of 2.04µm.
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Boundary conditions

To model the cardiac cycle it is essential to specify boundary conditions that reflect
the physiological function as close as possible, without introducing unnecessary complications. These boundary conditions can be divided into two categories: Dirchlet and
Neumann. Dirchlet boundary conditions are required to prevent rigid body motion and
to constrain the base of the heart. Neumann boundary conditions are required to simulate the blood filling the cavity which causes pressure to act on the endocardium of
the left ventricle. The boundary conditions are best presented in conjunction with the
corresponding phases of the cardiac cycle.

Throughout the full cycle
The inner ring at the base of the ellipsoid is occupied by the mitral and aortic valves.
These valves govern the flow of blood in and out of the ventricle. The valves are relatively
stiff and undergo very little deformation which motivates the constraint that the ring at
the base of the ellipsoid model will undergo no displacement [78], and in the case of the
Cosserat continuum, no rotation either such that
u = 0 on ∂BD

and

γ = 0 on ∂BD .

(6.27)

Additionally, the full base of the ellipsoid is fixed in the z-direction such that uz = 0,
providing a reference for deformation and strain, illustrated in Figure 6.11.
Rnn = t̄(n)
uz = 0
ux = uy = uz = 0
γx = γy = γz = 0

Figure 6.11: Boundary conditions enforced on the model geometry for the diastolic
filling.
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Passive filling
As blood fills the left ventricle the cavity volume increases and the endocardium experience pressure increases at a relatively proportionate rate. This phase is modelled by
introducing a uniform pressure acting on the surface of the endocardium with normal n
Rnn = t̄(n) on ∂BN .

(6.28)

These boundary conditions are expressed visually in Figure 6.11. There is no time
dependency, but the nonlinearity of the problem requires the use of a Newton Raphson
iterative scheme to solve the system of equations. The variational formulation is solved
for incrementally increased pressures starting from 0kP a up until end diastolic pressure
1kP a. The resulting deformed cavity solved at each loading step provides a set of
pressure-volume data which can be compared with experimental results for quantitative
analysis.

Isovolumetric contraction
In this stage of the cycle, the cavity volume V remains constant (the valves are closed
while the cavity is full with a nearly incompressible fluid). The pressure in the cavity
increases due to the contraction of the ventricle. This is caused by the introduction of
active tension in the system. In this phase the cavity may deform but experiences no
volume change. In this sense, the required pressure on the inner surface of the cavity is
obtained iteratively with the additional requirement that ∆V = 0. The active tension
increases with time and as such the variational formulation is transient. The external
work due to pressure, p(t), which acts on the surface of the endocardium in the current
configuration, at timestep i is given by
Z
t

(ν )

Z
· δu da =

∂BN

pν · δu da.

(6.29)

∂BN

Where ν is the normal to the surface da. In order to relate this to the formulation of
external work in the material configuration presented in Eq. (3.12), we utilize Eq. (2.12)
to produce
Z

Z
pν · δu da =

∂BN

pJF−T n · δu dA.

(6.30)

∂BN

Ejection
The cavity volume decreases as blood is expelled from the contracting left ventricle.
The same formulation for the previous phase is used, however for ejection, the volume
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decreases with time such that ∆Vn 6= 0. The calculation of ∆V is found through solving
for the flow rate Iao and aortic pressure Pao , of the three element Windkessel model
[154]. This is expressed as the differential equation


 
dP ao
dI ao
R0
1
Iao = (C)
Pao .
(CR0 )
+ 1+
+
dt
R
dt
R

(6.31)

Where C, the arterial compliance, R, the peripheral resistance and R0 , the flow resistance, are material parameters.
The target volume increment obtained is then utilized to find an appropriate pressure.
The Neumann conditions remain the same as the previous phase, with the time dependence of the problem still being controlled by the active tension model. Ejection begins
when the pressure in the left ventricle exceeds the pressure in the aorta. Once the cavity
pressure drops below this threshold, the aortic valve closes ending the ejection phase.

Isovolumic relaxation
Once the cavity ceases to contract further the aortic valve closes and the ventricle relaxes.
The cavity volume remains constant, similar to the Isovolumetric phase. The boundary
conditions are almost exactly the same to isovolumetric phase except now the pressure
decreases with time, as the active tension declines to zero.

Cardiovascular disease
In a healthy functioning heart the coronary arteries supply the myocardial tissue with
oxygenated blood. Acute myocardial infarction (MI), more commonly known as a heart
attack, occurs when blood flow from a coronary artery is restricted to the point that
insufficient blood flow reaches the heart tissue causing ischemia, and myocyte cell death
[70]. This is usually the result from a build up of fat deposits or blood clotting that
occupies the whole cross section of the blood vessel, restricting blood flow. The myocardium cells dependant on the supply of oxygenated blood and nutrients downstream
of the blockage subsequently die, forming a scar of dead cells which hampers cardiac
function.
The size and mechanical properties of the infarct (which change during the healing
process) govern the level of impairment the heart function [23, 56, 106]. The infarct
can negatively affect the heart function in a number of ways. Some key functional
impairments are:
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1. A higher stress measurement in the infarction region [53], which exposes the region
to the risk of rupturing.
2. A stiffer infarct region directly affects diastolic performance, limiting the cavity
volume [11].
3. A compliant infarct limits the systolic function, lowering the stroke volume [11].
4. Bulging may occur at the infarct and border region, resulting in ventricular remodelling and permanent structural changes in the ventricle dimensions [105].
Since the scar of the myocardial infarction changes with time, the associated physiological and mechanical properties of each stage will be elaborated, by making use of the
work presented in Holmes et al. [56].
Acute Ischemia: The acute ischemia stage is an early phase of the infarct process that
lasts for a few hours, during which the overall ventricular compliance increases. The scar
starts its formation and any loading condition influences its final shape. The wall at this
region undergoes thinning and stretching during this period. Due to the myocardial cell
death, the infarct region behaves only as a passive nonlinear viscoelastic material (quite
similar to the normal passive behaviour of normal heart tissue) with higher stresses. At
the end of the process, the scar is much stiffer than healthy tissue.
Necrotic: In the next few days following the MI, the infarct starts to heal. Fibroblast
and collagen are deposited in this area to support the growth of healthy tissue. Necrotic
stage represents the most critical phase of an infarct, as the infarct has the highest risk
of rupturing during this period. A mild thinning still takes place as the dead cells start
to leave the region resulting in a small increase in wall stress.
Fibrotic: The fibrotic stage is associated with dramatic increases in fibroblast and
collagen deposits in the infarct region. This whole process can take up to a few weeks
or even months. During this time, the infarct region becomes very stiff [53], limiting the
compliance of the surrounding healthy myocardium during the diastolic phase. Stiffness
of the infarct region correlates to the amount of collagen content in the region.
Remodelling: The remodelling is an on going process of the healing mechanism, with
no definitive end. Structurally the infarct scar begins to shrink and occupies a reduced
percentage of the ventricular wall. The amount of collagen content continues to increase,
albeit at a reduced rate, while the stiffness of the infarct starts to decrease. The infarct
region will remain stiffer than the surrounding myocardium, however ventricular function
does improve with time.

Chapter 7

Results and discussion
The primary goal of this study is to investigate the performance of a suitable Cosserat
fibre continuum approach in the application of cardiac mechanics.
In this chapter the results of several cardiac mechanics simulations are presented. First
the calibration of the material parameters are considered. This was achieved by comparing numerical simulation to appropriate experimental results found in the literature.
In the case of the nonlinear constitutive law an optimization algorithm was employed to
ensure the closest fit to experimental results was achieved.
The resulting pressure and volume relationships, deformation modes and stress analysis
are discussed and compared to the literature.

7.1
7.1.1

Linear model
Homogenized approach

The following section presents the results corresponding to the material model introduced in Section 5.2.1. To model the fibres as one dimensional Cosserat rods homogenised within a three dimensional ECM space, we will need to be able to separate
the material properties into their respective components. While there is experimental
data available for cardiovascular tissue; most notably Demer and Yin [28] and Dokos
et al. [30], who performed biaxial and shearing experiments respectively, the data sets
proved unsuitable for linear model parameter calibration due to the highly nonlinear
material behaviour.
Rather, we calibrated our model using a previously verified computational model of
the rat left myocardium [82]. Calibration employed specific computational experiments
59
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investigating simple tension, simple shear and four point bending. The boundary conditions for each experiment are illustrated in the Figures 7.1 - 7.3 and are given by the
following problem descriptions outlined below.
Axial tension: The specimen tissue started as cube with dimensions 1mm × 1mm ×
1mm. The tension experiment is Dirichlet controlled specifying displacement constraints
on two opposite faces of the cube and leaving the remaining faces as free surfaces. Following the illustration in Figure 7.1, the first Dirichlet condition specifies a uniform
displacement in the x-direction of 0.01mm (1% of the cube’s width). On the opposite
surface, the cube is fixed in the x-direction to prevent rigid body translation. Additionally, the rotational degrees of freedom are fixed on this surface.
γx = γy = γz = 0
ux = 0

ux = 0.01mm

y
x
z

Figure 7.1: Axial tension: Illustration of the axial tension experiment. The red
surface parallel to the zy-plane was fixed while the blue surface was extended in the
x-direction.

Simple shear: The specimen tissue started as cube with dimensions 1mm × 1mm ×
1mm. The shear experiment is also Dirichlet controlled. The first Dirichlet condition is
prescribed on the top surface, with normal in the y-direction. This is the displacement
constraint specifying a uniform displacement in the x-direction of 0.01mm (1% of the
cube’s width) across the whole top surface. The bottom of the cube was fixed in all
directions and rotations, to prevent rigid body displacements. Further Dirichlet conditions on the top face and on two parallel side faces prevent the cube from contracting
in the y-direction, ensuring the correct deformation occurs.
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uy = 0
ux = 0.01mm

ux = uy = uz = 0
γx = γy = γz = 0
y
x
z

Figure 7.2: Simple shear: Illustration of the simple shear experiment. The red surface
parallel to the zx-plane was fixed while the blue surface was extended in the x-direction.

Four point bending: The specimen tissue started as rectangular prism with dimensions 9mm × 1.5mm × 1.5mm. Dirichlet and Neumann constraints were prescribed to
ensure pure bending deformation occurred. Dirichlet conditions on one outer surface
parallel with the cross section of the beam (i.e the yz-plane) fixed rotation deformation about the x and y axis. Additionally, secondary Dirichlet conditions fixed the
line segments highlighted in Figure 7.3, in the y-direction, to resist the loading and ensure bending deformation occurs. The highlighted points on the closer side of each line
segment was fixed in the z-direction to prevent any spurious rotation of the body. Additionally one of the points was also fixed in the x-direction. On the top surface, spaced
equally from the centre, four point loads of −0.02kP a were applied in the y-direction.
The loading was imposed to ensure a midpoint deflection of 2.5% of the beam’s length
was achieved.
γx = γy = 0
y
−0.02kP a

x
z

uz = 0

uz = 0
ux = 0

uy = 0
Figure 7.3: Pure bending: Illustration of the pure bending experiment.
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It should be noted that rotation boundary conditions only apply to the experiments
using the Cosserat fibre continuum, and without them the computational experiments
were ill defined.
The samples of comparison tissue specimens were composed utilizing the constitutive
implementation of Usyk et al. [148]. The strain energy function is detailed in Section
6.4, and the material parameters from the model are presented in Table 7.1 below.
Table 7.1: Strain energy function coefficients for the comparative “reference” material
used to calibrate the linear Cosserat fibre material model.

Parameter
bf f
btt
bnn
bf t
bf n
bnt

Value
9.2
2.0
2.0
6.4
6.4
1.0

The indices in Table 7.1 refer to components aligned with fibre axis, f , sheet-tangent
axis t, and sheet-normal axis, n. Additionally the scaling parameters for healthy tissue
A = 1 kP a and Acomp = 100 kP a were used. For more details on this model and it’s
calibration, one can consult [82].
The corresponding Cosserat fibre model was successfully calibrated in each experiment
(simple tension, simple shear and four-point bending) to within a tolerance of 0.05% of
comparable stresses (or in the case of bending, with midpoint deflection).
The following parameters are a result of the healthy tissue calibration:
Table 7.2: Material properties for the linear Cosserat fibre constitutive law, modelling
healthy cardiac tissue.

Parameter
Volume fraction
Axial stiffness
Shear Stiffness
Characteristic length

Symbol
vol
E (kP a)
G (kP a)
l

Fibre
67.6%[22]
10.82
4.49
0.59

EC matrix
33.3%
7.10
2.37
-

It should be noted that the condition of near incompressibility is assumed for the
isotropic ECM, as such Poisson’s ration ν is modelled as 0.4999. This allows us to
calibrate for only EECM and calculate GECM accordingly.
Unlike classical formulations, Cosserat fibre continuum theory accounts for the influence
of neighbouring material points through the introduction of change of curvature strains
and couple stresses in the kinematics and constitutive laws of the problem. These
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contributions are scaled by the characteristic length l which is a direct and elegant
method of including information about the micro structure.
To further illustrate this, we consider the benchmark test of the beam bending example
outlined above for multiple values of the characteristic length, which is presented in
Section 7.1.2.

7.1.2

Non-homogenized approach

The non-homogenised approach removes the need for volume fractions. As a result, we
can calibrate material properties relating the deformation of “fibre specific” deformation
modes directly to the fibre bundle’s material properties. Additionally the computation
requirements become significantly more streamlined; there is no need to loop through
the various contributions and homogenise.
These advantages make the non-homogenised approach preferable in performing computational analysis. Additionally, as the material is no longer homogenised, it becomes
necessary to model the incompressibility separately as opposed to the homogenised approach, whereby the incompressibility is handled via the isotropic ECM. The full stored
energy function is given by Eq. (5.2). The calibration procedure of the constitutive
law was carried out in the same manner as outlined in the previous section. The nonhomogenised Cosserat fibre model was successfully calibrated to within a tolerance of
0.05% of comparable stresses (or in the case of bending, with midpoint deflection). The
material parameters for healthy tissue is presented in Table 7.3.
Table 7.3: Material properties for non-homogenized linear Cosserat fibre constitutive
law, modelling healthy cardiac tissue.

Parameter
Axial stiffness
Shear Stiffness
characteristic length
Incompressibility

Symbol
E (kP a)
G (kP a)
l
Acomp

Fibre
18.389
2.996
0.339
20.0

EC matrix
3.12
1.37
-

Of particular interest is the effect the characteristic length has on the resulting deformation of the problem. The four point beam bending example outlined in the previous section (illustrated in Figure 7.3), introduced flexural strains under deformation.
Changing the characteristic length scales the stiffness contributions in the constitutive
laws corresponding to flexural strains, and as a result, we should see decreases deformation with increases in l. To investigate this, while still remaining in the small strain
range, we employed incremental loading from 0 − 0.02 kP a with multiple experiments
with different values for the characteristic length l.
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Figure 7.4: Midpoint deflection results for multiple choices of characteristic length
l undergoing loading in a typical four point beam bending experiment. Results are
presented for loads ranging from 0 − 0.02kP a. As the results are presented in absolute
deflection, the far right line ( − − ) corresponds to the least stiff response.

The full set of results are displayed in Figure 7.4. These results very clearly illustrate
that for increases in the values of l, the material becomes stiffer. This verifies that a
measure of the micro space is being successfully integrated into the macro behaviour of
the material. For the sake of comparison, we include the reference case where l = 0.0,
i.e the higher order terms are removed from the kinematics and constitutive laws of the
problem description. This allows as us to clearly identify and compare the influence of
the higher order stiffness parameters in the kinematics and constitute laws governing
the deformation.
One could consider that for very small choices of l, the influences are negligible. Also,
noticing the non uniform changes in deflection for increases in l, motivates a more
thorough investigation into the relationship between the stiffening of the beam and the
size of l.
We explore a larger range of values for l for the same problem description (i.e loading
from 0 − 0.02 kP a) and for each experiment analyse the average change in strain for the
full loading period. In this sense we can meaningfully identify and quantify the change
in stiffness as a function of the length scale. The results are presented in Figure 7.5.
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Figure 7.5: Influence the size of the chosen characteristic length on the overall change
in midpoint deflection to the classical case. Results presented are averaged over the full
loading cycle 0 − 0.02kP a.

The results in Figure 7.5 follow what one should expect in this type of problem. For
small values of l, near the reference case whereby the nonlinear contributions are first
noticed, the increase of l has an almost exponential affect. However once l starts getting
too large, the stiffness of the beam dominates the problem and the resulting deformation
of the beam tends towards a zero deformation case which corresponds to a 100% change
in strain.

Application to cardiac mechanics
The problems outlined above are applicable to sample specimens, and perhaps isolated
portions of cardiac tissue. The next phase of computational experiments must explore
the application of the linear constitutive law on a more complex structure. For the next
experiment, we investigate modelling the diastolic filling stage of the cardiac cycle with
this linear Cosserat fibre constitutive law. We wish to determine the extent to which
the linear model is able to capture and model realistic cardiac function.
Passive filling refers to the stage in diastole where the left ventricle is filled with oxygenated blood. As the cavity increases, due to the inflow of blood, the cavity exerts pressure on the endocardium, causing the entire structure to dilate and expand. Additionally,
the left ventricle experiences mild torsional deformation (which is more predominant at
the apex), and an overall extension [15, 108, 110]. The end diastolic pressure (EDP) for
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the adult rat has been recorded to be in the range 0.44 − 2.0kP a [24, 38, 67, 127, 146],
but the majority of data suggests the mean to be valued closely to 1kP a.
The experimental data sets of Herrmann et al. [55], Omens et al. [101] and Cingolani et al.
[21] are used to validate and verify the computational model results. Fibre orientation
for the computational results are described in Eqs. (6.5) - (6.7). Boundary conditions of
the problem description are outlined in Section 6.6, and correspond to the illustration
in Figure 6.11. As an initial investigation, a coarse mesh given by 315 particles and
corresponding to 1830 degrees of freedom, was chosen. The computational model was
subjected to pressure loading up until 1.6kP a. The linear model, Eq. (5.2), was able to
experience significant deformation, well within the range of experimental results, and to
a degree was able to capture appropriate deformation expected in this stage of cardiac
function. Figure 7.6 shows the pressure volume relationship for the loading experiment.
Positions A-D have been marked on the figure and further analysis is presented at these
points.

4.5

Herrman et al.
Omens et al.
Cingolani et al.
Linear Cosserat model

4
3.5

Pressure (kPa)

3
2.5
2

C

1.5
1

D

B

0.5

A
0
0%

100%

200%
300%
400%
Relative change in cavity volume

500%

Figure 7.6: Passive material response of an ellipsoid model of the rat left ventricle.
The Cosserat fibre model implemented with a linear non-homogenised constitutive law
(Eq. (5.2)) was used and calibrated to provide results that best reflect the experimental
results provided by Herrmann et al. [55], Omens et al. [101] and Cingolani et al. [21].
Labelled positions A-D have been chosen for more in depth analysis.

In Figure 7.6 we see the model starting in the undeformed case (A), and increasing in
volume and pressure through positions (B-D). Figure 7.7 captures the deformation of
the model at the labelled stages, and clearly illustrates ventricular dilation and extension. Figure 7.8, displaying only half of the geometry, is able to better illustrate the
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torsional deformation. These deformation modes exhibited by the model are encouraging and meet the qualitative expectations for a cardiac model. While the correct
deformation modes are captured, and the results of the pressure volume experiment fall
within the experimental range, the linear constitutive model is fundamentally unsuitable
for modelling biological tissue.

(A)

(C)

(B)

(D)

Figure 7.7: Displacement plots of the computational model of the left ventricle undergoing diastolic filling at various stages (A-D) corresponding to positions labelled in
Figure 7.6.

The relationship between pressure and volume is dominated by the geometry of the problem, with the volume expanding at an almost cubic rate with respect to pressure. This
contradicts experimental results that show cardiac tissue becomes increasingly stiffer
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for larger strains. Physiologically the perimysial collagen fibres, in the near unloaded
state are wavy, and allow for the material to deform easily under initial loading. While
deforming, these fibres straighten and become resistive to further stretching, making the
material increasingly difficult to deform [54]. This type of material behaviour usually
results an almost exponential stress-strain relationship.

(A)

(C)

(B)

(D)

Figure 7.8: Displacement plots of one half of the computational model of the left
ventricle undergoing diastolic filling at various stages (A-D) corresponding to positions
labelled in Figure 7.6.

We can conclude from this experiment that the linear model may be able to capture
small strain behaviour correctly but it is not suitable for complex and meaningful cardiac mechanics problems. This motivates the need for the nonlinear constitutive law
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introduced in Section 5.3 and the abandonment of further analysis into the use of the
linear constitutive law.

7.2

Nonlinear model

A generalized continuum problem with nonlinear constitutive laws applied to a nonlinear geometry like the left ventricle is a sophisticated and complex problem. Even
in the passive state, stresses are coupled including influences from both U and K. In
the active state, time dependence is introduced into the problem, as well as a coupled
electromechanical responses dependant on fibre orientation, sarcomere length and time.
The systolic phase is further divided into isovolumetric contraction and ejection, with
each phase introducing additional complexities.

Passive response
The procedure and accompanying methods introduced to calibrate the linear constitutive law were introduced as a means to overcome the lack of experimental data available
in the small strain range. This is no longer a problem for the nonlinear model Eq. (5.13),
as it is suitable for large strain deformation. It is therefore appropriate that the calibration of the nonlinear model uses experimental data sets for cardiac tissue directly. The
computational experiments investigating simple tension, simple shear and four point
bending (Figures 7.1 - 7.3), can be utilized to explore that the model exhibits nonlinear behaviour and, in the case of bending, that changes of the characteristic length
appropriately influence the passive mechanical response of the model.
Prior to calibration, the material parameters given in the Niederer and Smith [96] paper
were adapted for the use of our model. This was done by setting the material stiffness
for shear strains relating to the ECM as homogeneous. As none of the curvature strains
are activated in the simple shear and simple tension, the characteristic length choice for
these problems is trivial and set to 0.0. These parameters are presented in Table 7.4.
The deformation for simple tension and simple shear were performed and nonlinear material behaviour was definitely present. Simple plots illustrating the nonlinear relationship
between stress and strain are presented in Figure 7.9.
The four point beam bending analysis presented for the linear model is repeated for
the nonlinear model. The only difference in experimental design was to increase the
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Table 7.4: Material properties for nonlinear Cosserat fibre constitutive law, modelling
cardiac tissue.

Parameter
Principle fibre modulus
Shear fibre modulus
Principle matrix modulus
Shear matrix modulus
Characteristic length
Stress Scaling 1
Stress Scaling 2
Incompressibility

Symbol
a1
a2
b1
b2
l
A
B
Acomp

Value
9.20
3.70
2.00
2.00
0.00
0.30
1.00
20.0

(a) Principle stress-strain relationship for the tension (b) Shear stress-strain relationship for the shear block
block experiment.
experiment.

Figure 7.9: Nonlinearity expected in the material response is validated when analysing
the stress strain relationships exhibited during shear and axial deformation.

loading to ensure deformation in the nonlinear strain range. This corresponded to incremental loading from 0 − 0.16 kP a for multiple experiments with different values for
the characteristic length l.
The full set of results are displayed in Figure 7.10. These results illustrate the findings
for the nonlinear case: that a measure of the micro space, is being successfully integrated
into the macro behaviour of the material. Additionally, the nonlinearity of the material
is prominently displayed in the results. For larger displacements, exponential loading
increments are required to produce further deformation.
The relationship between the size of the characteristic length l and the stiffening affect
on the beam is explored as it was for the linear case. The results are presented in Figure
7.11 and show that the same behaviour exists in the nonlinear case as we encountered
in the linear case (see Figure 7.5). One does note that the size of l has a slightly less
dramatic influence than the linear case, (the slope of the graph for l < 2.0 does not
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Figure 7.10: Midpoint deflection results for multiple choices of characteristic length
l undergoing loading in a typical four point beam bending experiment. Results are
presented for loads ranging from 0 − 0.15kP a. As the results are presented in absolute
deflection, the far right line ( − − ) corresponds to the least stiff response.

increase as rapidly as the linear case). In the linear case the inclusion of l, introduced
nonlinear kinematics into the problem. In the nonlinear case, the inclusion of l merely
increases the nonlinearity of the problem.
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Figure 7.11: Influence the size of the chosen characteristic length on the overall change
in midpoint deflection to the classical case. Results presented are averaged over the full
loading cycle 0 − 0.15kP a.
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Finally, a stress analysis of the problem illustrates that couple stresses ξ, given by
Eq. (3.22) exist only in the one dimensional fibre space. With the fibre aligned along
the x-direction, the only significant couple stress is the component of the tensor ξxy
which corresponds with bending in the y direction. Analysis of the effective couple
1

stress given by (1.5ξ : ξ) 2 , in Figure 7.12 shows this, as it has an almost identical stress
profile as ξxy , which is to be expected in a bending problem.

(a)

y

x

z

(b)

Figure 7.12: Sample specimen from the bending experiment. (a) Contour plot of the
couple stress ξxy given in kPa. (b) Contour plot of the effective couple stress given in
kPa.

Similar results are found for torsion experiments. Consider the same beam in the previous example with a problem description of pure torsion.
ux = uy = uz = 0
γx = γy = γz = 0

y
x

0.15kP a

z

Figure 7.13: Pure torsion: Illustration of the pure torsion experiment.

Pure torsion: The specimen tissue started as rectangular prism with dimensions
9mm × 1.5mm × 1.5mm. Dirichlet and Neumann constraints were prescribed to ensure simple torsion occurred as illustrated in Figure 7.13. Dirichlet conditions on one
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outer surface parallel with the cross section of the beam (i.e the yz-plane) fixed all displacement and rotation deformation (i.e. ux = uy = uz = γx = γy = γz = 0). On the
opposite end of the beam, across the surface, a surface moment of 1.5kP a was applied
counter clockwise. In this experiment, the only significant change of curvature strain
corresponds to the fibre experiencing torsion (i.e. Kf f ).

Relative change of rotation
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Figure 7.14: Influence the size of the chosen characteristic length on the twisting of
a beam. Results are presented for a final load of 0.15kP a, and are accompanied with
the deformed configuration for various choices of l.

In Figure 7.14, the effect of the characteristic length l is once again illustrated. It
is important to note that the increase in l only increases the material stiffness when
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higher order strains are activated during deformation (i.e. the deformation of the beam
undergoing tension in the direction of the fibre, would not be affected by changes in l).
Additionally, the tissue specimens undergoing torsion experienced contraction during
twisting, which is an encouraging material response. Contraction under twisting is not
experienced in all elastic solids, as shown by the original work of Poynting [107], however
this type of behaviour, also known as a reverse Poynting effect, has been experimentally
observed for specimens of rabbit papillary muscles [62].

Calibration
The proposed transverse isotropic model in Eq. (5.13) has four material anisotropy
parameters a1 , a2 , b1 and b2 ; two stress scaling parameters A and Acomp , relating to
material stress and incompressibility respectively; an exponential scaling parameter B;
and the characteristic length l which is a feature of the micro structure.
The availability of experimental data suitable for the calibration of cardiac tissue is
limited. The most comprehensive study investigating orthotropy was performed by
Dokos et al. [30] in which cubic sections cut from a porcine left ventricle were subject
to shear loads. The experiment was performed to include all six combinations of fibre
orientation and shear deformation as illustrated in Figure 7.15. We utilize a common
assumption that one mammalian specific cardiac material behaves in a similar manner
to other mammalian cardiac tissue [31], this assumption will allow us to calibrate the
material anisotropy parameters (l, a1 , a2 , b1 and b2 ) directly using the shear experiments.
To be thorough in our material parameter calibration we would need to apply a secondary
calibration to obtain the remaining “scaling” parameters to fit animal specific models
using experimental data pertaining directly to the animal in question. In this sense
the scaling parameters A and B are considered specific material parameters for a given
species. The other material parameters l, a1 , a2 , b1 and b2 are considered universal
cardiac tissue parameters that govern the anisotropy and include a feature of the micro
structure, these remain unchanged from species to species.
The data of Dokos et al. [30], see Figure 7.18(a), indicate that the shear response is
stiffest when the plane orthogonal to the fibre direction is extended, least stiff when
the plane orthogonal to the normal direction is extended (this can be viewed as the
deformation of sheets sliding over each other) and has intermediate stiffness when the
plane normal to the sheet direction is extended. We follow the approach of Holzapfel
and Ogden [58], who noticed that the ordering of the labels f n and f s in the original
result of Dokos et al. [29] (see page 5, Figure 6 of [30]) is inconsistent with the data
shown in the other figures presented in that paper. To rectify this, we have switched
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Figure 7.15: Sketches of six possible modes of shear for orthotropic myocardium
defined with respect to the fibre axis f , sheet-tangent axis t and sheet-normal axis n.
The modes are designated (ij), where i, j ∈ {f, t, n}, corresponding to shear in the ij
plane with shear in the j direction. Thus, the first letter in (ij) denotes the normal
vector of the face that is shifted by the simple shear, whereas the second denotes the
direction in which that face is shifted. The modes in which the fibres are stretched are
(f n) and (f t).

the labels of f s and f n in Figure 7.18(a) to match the data sets used in Holzapfel and
Ogden [58].
For the special case of calibrating transverse isotropy, we recognise that the total combinations of fibre orientation and shear deformation reduces to three possible cases as
put forward in Figure 7.16.

(a)

(b)

(c)

Figure 7.16: Sketches of the three possible modes of shear for transverse isotropic
myocardium: (a) A transverse plane shifted towards the fibre direction, (b) a transverse
plane shifted towards the other transverse plane and lastly (c) the fibre plane shifted
towards a transverse plane.

The specimen cubes used in the shear experiments of Dokos et al. [30], had a natural
variation in the fibre orientation. The cube dimensions were 3mm × 3mm × 3mm,
extracted from the midwall of the left ventricle and rejected if there was a change in
fibre orientation amounting to more than 30o across the cube. In order to represent
this in our shear experiments, and following the work of Hussan et al. [66], we specify a
mean fibre orientation in our cube and allow for that orientation to vary. The variation
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of the fibre orientation is considered a smooth function of one transverse direction. This
results in the fibre direction on one side of the cube orientated +15o from the mean
direction and −15o on the opposite side.

Figure 7.17: Illustration of the varying fibre orientation throughout the cube. Mean
fibre orientation is established by varying the fibre direction slightly to match the
material experiments.

The varying fibre orientation is a necessary requirement in order to calibrate for the
characteristic length l, as it introduces bending strain in the deformation of the cube.
In order to calibrate the transverse isotropic case we are forced to combine the original
data sets into the relevant three cases outlined in Figure 7.16. The combined data sets
were constructed by fitting an exponential function to pairs of data using a MATLAB’s
built in curve fitting algorithm. The data sets were equally weighted using the least root
mean square fit produced the resulting “midline” data set. The full data sets and the
corresponding midline data sets are shown below in Figure 7.18.
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Figure 7.18: (a) The original data sets on orthotropic myocardium, all six shearing modes present [30]. (b) Corresponding combined “midline” data sets needed for
transverse isotropic material calibration.
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The computational reproduction of the experiments are designed to reproduce the experimental design in [30] as accurately as possible. Using the same specified dimensions
(3mm×3mm×3mm) each cube is fixed at the bottom with respect to all displacements,
while the top surface experiences shear displacements amounting to 50% of the cube’s
length (also represented as 0.5 shear strain). The top and bottom surface were glued to
plates, in the shearing device used by Dokos, and as such while shearing the top surface,
the displacements in the remaining directions remain fixed. Additionally, we impose appropriate rotational boundary conditions on the top and bottom surface, resulting in all
rotations being constrained along the top and bottom surface. The boundary conditions
on the experiments are illustrated in Figure 7.19.
ux = 1.5mm
uy = uz = 0
γx = γy = γz = 0

ux = uy = uz = 0
γx = γy = γz = 0

y
x
z

Figure 7.19: Illustration of the Boundary conditions replicating the Dokos shearing experiments. Mean fibre orientation differs with each of the three experiments,
corresponding to the cases outlined in Figure 7.16

7.2.1

Optimization algorithm utilized in calibration

Research done in the Computational Continuum Mechanics Group, UCT, established an
optimization scheme based on the Bounded Levenberg-Marquardt algorithm or BLVM
[84]. For a detailed account of the optimization and corresponding implementation one
is directed to [37].
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Material parameter identification is found via minimization of a cost function, expressing
the difference between experimental data points and corresponding simulation results.
Initial material parameters choices need to specified, including constraints on the reasonable parameter choices.
Identification of material parameters involves minimization of this cost function below a
specified tolerance. While the cost functions remains above this tolerance, new parameter choices are computed, via the use of a gradient based optimization algorithm. This
process is illustrated in Figure 7.20.

Figure 7.20: Schematic representation of updating procedure in the Levenberg Marquardt based optimization algorithm.

For the calibration of the nonlinear Cosserat fibre model, the optimization algorithm
was applied separately to the three cases outlined in Figure 7.16. This forced the author
to perform multiple rounds of calibration to identify suitable parameters. After the first
iteration of calibration, any consistent results across the three experiments was taken
as a successfully calibrated parameters and was fixed, or tightly constrained, for the
successive rounds of calibration. All parameters were subject to calibration through the
optimization routine, except for B and Acomp which were both set to 1.00. It would be
redundant to calibrate for B in such a problem and simple shear is volume preserving
and as such Acomp plays no role.
There may exist multiple pairs of material parameters and associated characteristic
lengths, that fit the shear data experiments. Unfortunately without additional experimental data, a unique value for l cannot be determined with complete confidence. As
no such suitable data exists, l is calibrated to achieve the lowest possible residual in the
optimization routine.
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Calibration results

The Cosserat fibre model is able to reproduce the experimental results for porcine myocardium relatively well. The resulting fitted model, plotted alongside the data sets
used are shown in Figure 7.21. The fitted parameters are presented in the Table 7.5.
Table 7.5: Material properties for nonlinear Cosserat constitutive law, fitted to Dokos
et al. [30] shear experimental data for porcine cardiac tissue.

Parameter
Principle fibre modulus
Shear fibre modulus
Principle matrix modulus
Shear matrix modulus
Characteristic length
Stress Scaling 1
Stress Scaling 2
Incompressibility

Symbol
a1
a2
b1
b2
l
A
B
Acomp

Value
52.380
28.090
18.112
16.480
0.6622
0.10
1.00
1.00

It should be noted that that simple fitting of exponential parameters for a Fung-type
potential may lead to ill formulated stored energy problems, specifically with regards to
convexity [61, 63]. The convexity of the of the stored energy potential, ensures positive
definiteness of the tangent stiffness matrix in the element-free Galerkin implementation.
This is an essential feature to ensure reliability of the computational results. It has been
shown rigorously that a necessary and sufficient condition to ensure positive definiteness,
is to enforce that Q is positive definite [40]. This can be achieved simply by enforcing
the condition that the parameters A, B, a1 , a2 , b1 and b2 are strictly positive.
It was shown in Section 5.3 that for a given function Q, the stress scaling parameters A
and B are unique and should be easily found through an optimization routine. Now that
we have found the material anisotropy parameters (l, a1 , a2 , b1 and b2 ), we can employ
the diastolic filling example as an optimization problem to calibrate the remaining scaling
parameters against experimental data.
A critical point to draw attention to, is the inclusion of l as a material parameter.
Unlike a classical formulation our model has now been calibrated with a feature of the
micro structure implicit in the formulation. This feature places a higher dependency
on the multi scale physics of the problem as opposed to phenomenological approaches.
To elucidate the influence the calibrated characteristic length has, consider the analysis
presented for the beam bending and torsion deformation, Figures 7.11 and 7.14. A
characteristic length l = 0.6622, would change the midpoint deflection in the bending
problem by roughly 8%, and change the deformed configuration in the torsional problem
by almost 20%.
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Figure 7.21: Material response of calibrated nonlinear Cosserat fibre model (dashed
lines) alongside the combined data sets from Dokos et al. [30]. (a) The fibre plane
shifted towards a transverse plane, (b) a transverse plane shifted towards the fibre
direction and lastly, (c) a transverse plane shifted towards the other transverse plane.

Consider Figure 7.22, the calibrated Cosserat fibre model result for the shear experiment of a cube extending the plane normal to the fibre in the transverse direction is
presented alongside the classical case (i.e l = 0.0). The classical case is less stiff, as one
would expect. One could recalibrate the classical case to coincide more closely with the
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experimental data, but in this sense one would be placing a larger dependence on local
features, i.e that the stress at the material point is solely governed by first order strains.
The Cosserat fibre continuum theory, accounts for the influence of neighbouring material
points through introducing higher order strains (i.e the change of curvature strains along
a fibre) into the kinematics and constitutive laws of the problem. These contributions,
scaled by l, provide a direct and meaningful way of including the micro structure and
more accurately representing the material.
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Figure 7.22: Material response of calibrated nonlinear Cosserat fibre model alongside
the classical case for the same material parameters.

7.2.3

Passive filling in the rat left ventricle

As with the linear constitutive law, we utilize the pressure volume relationship in the
diastolic left ventricle. A large number of studies quantify this relationship using various
techniques in isolated, supported and in-vivo hearts for various species. The three rat
studies of Herrmann et al. [55], Omens et al. [101] and Cingolani et al. [21] are used
to validate and verify the computational model results. For comparison purposes, the
ventricular volume has been transformed into a percentage volume change relative to the
volume of the unloaded cavity, for which the cavity pressure is zero. Besides the change
to the constitutive law, the problem description remains unchanged to the linear case,
whereby the boundary conditions are outlined in Section 6.6 with the corresponding
schematic in Figure 6.11.
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Initial investigation revealed that the nonlinear constitutive model produced the qualitative pressure volume relationship one would expect. Prior calibration, mesh convergence
analysis was performed to identify any mesh dependant influences in the computational
model. The pressure volume relationship was explored for various mesh refinements
ranging from the most coarse, 66 particles, to the most refine, 1565 particles. Each computational model was subjected to pressure loading that resulted in a final deformed
configuration exceeding a 200% increase in cavity volume.
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Figure 7.23: Convergence analysis using the pressure volume relationship the left
ventricle cavity experiences during passive filling. Only key results are presented and
cavity volume is presented without any transformations.

The core results of the convergence analysis are presented in Figure 7.23, showing the
differences between solutions decreases dramatically when refining the meshes. Figure
7.24 shows sample meshes from the convergence analysis. It was found that the solutions
were most effected by refinements in the radial direction (creating more layers between
the endocardium and the epicardium).
A relatively fine mesh, corresponding to 676 particle was chosen for the purposes of
calibration. As our convergence analysis shows, the mesh will provide reasonably close
solutions to the converged solution, but also allow for more efficient computational
analysis. This is an essential factor to consider when using the Cosserat fibre continuum
approach as the system has to be solved for 3912 degrees of freedom, whereby the
classical continuum would have almost half the computational requirements.
The model was subjected to loading up to 25mmHg (3.5kP a) to match the loading
conditions of the experimental data sets [21, 55, 101]. The characteristic length l as
well as the four material anisotropy terms a1 , a2 , b1 and b2 were taken from previously
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(b) 845 particles

(c) 1565 particles

Figure 7.24: Three sample meshes used in the analysis of mesh dependency and
convergence. The particle density is roughly twice as populated from mesh (a) to (b)
and again through to (c).

calibrated shear experiments based on the experimental data of Dokos et al. [30]. The
resulting stress scaling parameters A and B were calibrated using the pressure volume
relationship. Taking into account the large variance of biological tissue results, we
subject the calibration to the mean of the data sets.
Table 7.6: Material properties for nonlinear Cosserat constitutive law, calibrated
using a levenberg marquad optimization algorithm with the shear experimental datasets
of Dokos et al. [30] and the mean pressure volume relationship of the rat left ventricle
from the datasets of Herrmann et al. [55], Omens et al. [101] and Cingolani et al. [21].

Parameter

Symbol

Value

Principle fibre modulus

a1

52.380

Shear fibre modulus

a2

28.090

Principle matrix modulus

b1

18.112

Shear matrix modulus

b2

16.480

Characteristic length

l

0.6622

Stress Scaling 1

A

0.45

Stress Scaling 2

B

0.15

Incompressibility

Acomp

0.50

The resulting calibrated model results are shown in Figure 7.25. Positions A-D have been
marked on the figure and further analysis is presented at these points. The model was
able to reproduce the experimental mean with great accuracy, resulting in a calibrated
fit with R2 = 0.9955. The full fitting and deviation metrics are presented in Table 7.7.
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Figure 7.25: Passive material response of an ellipsoid model of the rat left ventricle.
The Cosserat fibre model implemented with a nonlinear non-homogenised constitutive law was used and calibrated fit the mean experimental data results provided by
Herrmann et al. [55], Omens et al. [101] and Cingolani et al. [21].

Table 7.7: Quantitative analysis of the calibrated nonlinear Cosserat fibre model
provides satisfactory fitting measures to the mean data values of [55], [101] and [21].

Measure

SSE

R-Squared

RMSE

Correlation to mean experimental data

0.0227

0.9955

0.0616

The final calibrated material parameters for the rat left ventricle are presented in Table
7.6. The corresponding material parameters for the invariant based approach, utilized in
the computational experiments is easily identified through comparison. There is limited
experimental data available for mechanical analysis of the rat left ventricle, however
sufficient computational studies exist, to which we can compare our results. Humphrey
and Yin [64] performed detailed stress and strain analysis on passive left ventricular
function. The study showed that peak strains are experienced at the endocardium wall.
This was also independently shown by Guccione et al. [50], and compared reasonably
well with experimental data. Additionally, the study showed that the peak stresses
occurred between the endocardium wall and the midwall. Costa et al. [26] details the
peak stress of cardiac tissue to be at 40% of the wall depth from the endocardium, albeit
the analysis was for scarred tissue.
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In the subsequent mechanical analysis, it becomes useful to utilize the effective stress
and effective strain measures given by
1

σef f = (1.5σ : σ) 2

and

1

Eef f = (1.5E : E) 2 .

(7.1)

Both our strain and stress results, produce qualitatively agreeable results. While the
entire left ventricle dilates and mildly twists, the endocaridum experiences the most
pronounced strain.

(A)

(C)

(B)

(D)

Figure 7.26: Effective strain plotted on the deformed configuration of the computational model of the rat left ventricle undergoing diastolic filling at various stages (A-D)
corresponding to positions labelled in Figure 7.25.
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High strain regions are localized to the upper midwall of the endocardium and are
clearly illustrated in Figure 7.26. Midwall peak stress is also a defining feature of our
computational model. This result is consistent throughout the longitudinal profile of
the geometry (ie. from base to apex).

(A)

(C)

(B)

(D)

Figure 7.27: Effective stress (kP a) plotted on the deformed configuration of the
computational model of the rat left ventricle undergoing diastolic filling at various
stages (A-D) corresponding to positions labelled in Figure 7.25.

The peak stress at the midwall is a result of fibre orientation and contributions from
circumferential strain. Strains in fibre direction are the single largest contributor to the
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overall stress and at the midwall, the fibre orientation coincides with the circumferential
direction, resulting in significant circumferential stress.
In Figure 7.28, the effective couple stress is plotted over half the domain of the left
ventricle at positions (A-D) from Figure 7.25. Here we see the couple stress contributions
to be significantly lower than the force stress contributions.

(A)

(C)

(B)

(D)

Figure 7.28: Effective couple stress plotted on the deformed configuration of the
computational model of the rat left ventricle undergoing diastolic filling. Material
parameters correspond to Table 7.6 and the plots are given at various stages (A-D)
corresponding to positions labelled in Figure 7.25.
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Passive filling in the canine left ventricle

Sometimes it is more desirable to utilize the canine left ventricle in cardiac modelling.
Using the larger geometry provides a study that can be related better to the human
left ventricle. Additionally, in some areas of cardiovascular research, like active tension
models, the body of literature and available studies are better developed for the canine
geometry and structure. Research done in the Computational Continuum Mechanics
Group, UCT, has resulted in a calibrated nonlinear hyperelastic, transversely isotropic
Cauchy model based on the canine cardiac cycle [37]. This model, which is verified
against the results of Kerckhoffs [72], follows the formulation proposed in Eq. (6.15)
and will be used to compare the results from the Cosserat fibre model. The material
parameters for the strain energy function are given in Table 7.8.
The Cosserat material parameters were calibrated to give the closest fit to the experimental data from Kerckhoffs [72]. Keeping a consistent approach to previous analysis,
the volume data is presented in percentage volume change from the unloaded state. The
resulting pressure volume curve for passive filling is presented in Figure 7.29 and the
corresponding material parameters are presented in Table 7.9. A mesh corresponding to
363 particles was utilized, in order to be consistent with the calibrated Cauchy results
[37].
Calibrated Cauchy
Kerckhoffs et al
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0.6

0.4
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(b)

Figure 7.29: (a) Cosserat fibre model results for the passive filling of the canine left
ventricle. (b) Simulated results from a calibrated Cauchy model. Both models are
plotted alongside the original data points to which the model was calibrated [72].

While both models have the same initial volume of 41.9ml, the end diastolic volumes of
the two models are slightly different due to the different approaches in representing the
cavity volume data. The Cosserat fibre model has an end diastolic volume of 84.5ml
compared with the 80.9ml end diastolic volume for the Cauchy model. McCulloch et al.
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[89] gives the standard deviation of volume at the given pressure as 5% for a single
experiment, while the differences between multiple studies on the canine left ventricle
can have a much larger differences [94]. The difference between the Cosserat fibre and
Cauchy models, approximately 4%, is within the range of standard deviation and close
enough to serve as a comparison.
Table 7.9: Material parameters for the Cosserat model.

Table 7.8: Material parameters for the Cauchy model.

Parameter

Value

Parameter

Value

A (kPa)

0.292

A (kPa)

0.20

Acomp (kPa)

100.3

B

0.335

bf f

5.79

Acomp (kPa)

btt

6.89

a1

52.380

bnn

3.74

a2

28.090

bf s

12

b1

18.112

bf n

6.67

b2

16.480

bsn

6.67

l (mm)

0.6622

0.5

Using the calibrated material parameters presented in Table 7.9, mesh convergence analysis was performed to identify any mesh dependant influences in the computational
model. The pressure volume relationship was explored for various mesh refinements
ranging from the most coarse, 66 particles, to the most refine 1299 particles. Each computational model was subjected to pressure loading up until 2.0 kP a. The full results of
the convergence analysis are presented in Figure 7.30, showing the differences between
solutions decreases dramatically with mesh refinement.
2

66 particles
147 particles
363 particles
612 particles
964 particles
1299 particles
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100
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Figure 7.30: Convergence analysis using the pressure volume relationship the canine
left ventricle cavity experiences during passive filling.
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To model diseased states of the left ventricle during passive filling, we introduce a model
geometry with an infarction. Mathematically, this will be a portion of the geometry
that inherits different material parameters, depending on the diseased state we wish to
model. The boundary conditions of the problem remain unchanged. Two diseased cases
will be explored for the passive filling stage:
1. Acute ischemia. The initial hours immediately following an acute myocardial infarction. In this period, the infarct area becomes less stiff. The infarct area experiences larger strains, and the pressure volume curve of the left ventricle shifts to
the right (corresponding to a more compliant cavity) [11, 56].
2. Fibrotic Stage. This stage is characterized by dramatic increase of collagen in
the infarct region resulting in stiff infarct region. The diastolic filling capacity is
consequently reduced [56].
To simulate this, we employ the approach of [75] and appropriately modify the stress
scaling material parameter A in order to represent the regional stiffness changes of the
infarct. For acute ischemia, Ainf arct = 0.5Ahealthy and for the fibrotic stage Ainf arct =
2Ahealthy . Additionally in the fibrotic stage, the infarct region has lost significant myocte
cells due to ischemia. As a result, we lower the characteristic length l as a means
to represent this significant loss of fibre bundles in the area. A relatively fine mesh
corresponding to 964 particles, was selected to better define the infarct region.

Infarct area
Figure 7.31: Schematic of the canine left ventricle with an infarction situated on the
cavity wall. The infarct fraction is 14.14% of total cavity mass.

The first result we find is that the cavity’s ability to reach a healthy end diastolic volume
is compromised by the infarct. In the acute ischemic case, the cavity volume increases
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and in the fibrotic case the cavity volume shrinks. This result is in good accordance
with literature findings [11, 53, 56].

3

2.5

Acute Ischemia
Healthy (no infarct)
Fibrotic

Pressure (kPa)

2

1.5

1

0.5

0
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20%

40%
60%
80% 100% 120%
Relative change in cavity volume

140%

160%

Figure 7.32: Pressure volume results during passive filling of the diseased canine left
ventricle. Compliance of the left ventricle due to infarct stiffness is relevant at all stages
of passive filling.

It should be noted that the changes to cavity volume are noticeable throughout the
passive filling stage, made clear by Figure 7.32. The infarct increasingly affects the

Change in end diastolic cavity volume (EDV)

compliance of the left ventricle throughout the loading.

4%

2%

0%

−2%

−4%

−6%
Fibrotic

Acute Ischemia

Figure 7.33: Percentage changes in end diastolic volume, relative to the healthy case.
End diastolic pressure was taken to be 1kP a.
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Figure 7.33 shows that for an infarct of moderate size (14% of myocardium volume), the
changes to end diastolic volume are relatively marginal. The fibrotic case reduces the
cavity volume by 5.97% and the acute ischemic case increases cavity volume by 4.69%.
This however is not completely indicative of cardiac dysfunction. A strain analysis would
be the best indication to show the extent the infarct and the surrounding tissue is being
compromised, i.e one could identify deformation and strains that could impair cardiac
function.

(a) Acute Ischemia

(b) Fibrotic

(c) Healthy

Figure 7.34: Strain contour plots over half of the left ventricle for the diseased and
healthy cases, at end diastolic pressure (1kP a). The division of the left ventricle was
chosen to bisect the infarct and reveal the transmural strain profile through the infarct.
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In Figure 7.34 the strain profile is shown for the acute ischemic, fibrotic and the healthy
case. The diseased cases reveal large strain gradients between the infarct and healthy
tissue. The most dramatic changes appear on the endocardium surface. In both diseased
cases, the surrounding tissue compensates for the infarcted region, increasing the strain
gradients between healthy and diseased tissue. In the case of acute ischemia, the infarct
region experiences mild bulging and significant strains. This corresponds with the physiologically response of the acute ischemic left ventricle, found in literature. The higher
strains, and bulging of the infarct, place the region at the risk of permanent structural
changes and even the risk of rupture. This corresponds well with literature findings.
Batts et al. [8] found that 80% of all left ventricle free wall ruptures occur in the first
week.

7.2.5

Systole in the canine left ventricle

As detailed in Section 6.3, systole is the portion of the cardiac cycle whereby the ventricle contracts and subsequently performs ejection. This phase of the cardiac cycle
introduces active tension into the model, which in turn, introduces a transient component into the computational modelling. The systolic phase of cardiac function introduces
a more complex deformation in the left ventricle than the passive filling stage [104, 110],
especially with regard to torsion [108, 116]. The complex development of stress, strain
and the accompanying deformed configurations of the left ventricle in systole, present
experiments that would quantify the influence of the Cosserat fibre model in a more
meaningful manner. Additionally, in order to evaluate basic cardiac function, one would
need to be able to reproduce experiments that include systolic function.
The active tension model introduced in Section 6.5 is utilized for modelling systole.
The material parameters for the active tension model were chosen in accordance with
those presented in Guccione et al. [49]. Modifications were necessary as the Guccione
parameters were modelled using a cylindrical representation of the left ventricle, and our
model is an ellipsoid which offers a more realistic geometry (and is far more common in
studies over the last 15 years).
The parameters are presented in Table 7.10 alongside the original material parameters
of Guccione et al. [49] and those used in the Cauchy model.
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Table 7.10: Active Material parameters for the Cosserat fibre model, presented alongside the Cauchy material parameters and the original material parameters from Guccione et al. [49].

Parameter

Cauchy model

Guccione model

Cosserat model

Ca0 (µM)

4.35

4.35

4.35

(Ca0 )max (µM)

4.35

4.35

4.35

l0 (µm)

1.58

1.58

1.58

ls0 (µm)

1.78 − 1.91

2.04

2.06

t0 (ms)

100

100

100

1.0489

1.0489

1.0489

2.48

4.75

2.48

136.9

135.7

170.0

m (s ·
B

µm−1 )

(µm−1 )

Tmax (kPa)

The first four parameters presented in Table 7.10, represent physically measurable quantities with meaningful connections to quantities found in cardiac tissue (i.e the calcium
concentration and sarcomere length quantities), and as such, care was taken not to deviate or change these parameters too much from the original work of Guccione et al. [49].
Equal care was given to the transient terms that govern when active tension occurs, t0
and the period of deactivation m. Tmax is a scaling parameter over the entire active tension function, Eq. (6.20), that coincides with the maximum allowable active tension, and
B is a scaling parameter that acts on the exponential component of the active tension
function, Eq. (6.24). As such B and Tmax were chosen as the most suitable parameters
to adjust in order to achieve a qualitatively reasonable active tension development for
the model. Additional care must be taken for the choices of ls0 , that is, the sarcomere
length in the unloaded case. Literature values place the unloaded sarcomere length in
the canine heart between the range of 2.0 − 2.28µm [80, 137]. However Guccione et al.
[49] uses a constant sarcomere length ls0 of 2.04µm.
A three element Winkessel model, see Eq. (6.31), was utilized for the purposes of controlling the ejection portion of the systole. The same material parameters from the
calibrated Cauchy model, were found suitable for the Cosserat fibre model, with the
exception of R0 , the flow resistance, which controls the initial slope of ejection. These
calibrated Cauchy Windkessel parameters and corresponding Cosserat fibre Windkessel
parameters are presented in Table 7.11.
The Windkessel material parameters of the calibrated Cauchy model were derived from
computational experiments using a mesh with refinement corresponding to 363 particles.
The convergence results of pressure volume relationship in Figure 7.30, show that a 363
particle mesh is reasonably close to the converged solution. Furthermore, the computational requirements of a generalized model result in substantial computational time.
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Table 7.11: Three element Windkessel parameters for the Cosserat fibre and the
Cauchy model.

Parameter

Cauchy model

Cosserat fibre model

3
C ( mm
kPa )
)
R ( kPa·s
mm3
)
R0 ( kPa·s
mm3

4476.2
8.13×10−5
6.43×10−6

4476.2
8.13×10−5
5.43×10−6

These factors motivate the selection of a 363 particle mesh for further experiments. Further refinement would demand significantly larger computational time (i.e weeks), while
offering only modest improvements in solution resolution.
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Figure 7.35: The pressure volume loop for the canine left ventricle presented from
passive filling from the unloaded configuration to end ejection shown for (a) Simulated
results from a calibrated Cauchy model, and (b) Simulated results Cosserat fibre model.
Both models are plotted alongside the original data points to which the model was
calibrated [72].

The global pressure volume relation is presented in Figure 7.35. While the Cosserat
fibre model does not match the computational results of Kerckhoffs [72] as closely as the
calibrated Cauchy model for the end of ejection, it does provide clinical measures, both
qualitatively and quantitatively, that are in line with literature values and acceptable in
terms of healthy cardiac function. These clinical measures are subsequently discussed
in detail.
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The first stage of systole, isovolumetric contraction (IVC) is characterized by constant
cavity volume while the ventricle undergoes rapid contraction. This results in an increasing cavity pressure and a torsional response in the ventricle geometry [16, 110].
Additionally this stage is associated with a shortening of the minor axis [16, 109], resulting in a more ”cylindrical” geometry from the end diastolic configuration. These
clinically measured features are captured significantly well by our computational model:
in Figure 7.35 the qualitative pressure volume relation is preserved and well illustrated,
in Figures 7.36(b)-(c) the narrowing along minor axes (x direction and y direction) and
the torsional response in the computational model is clearly illustrated. This rapid increase in torsional deformation, is a result of the local anisotropic description of the
material, the global fibre orientation description and the initiation of active tension acting along the fibre orientation throughout the left ventricle. The torsional deformation
continues throughout the ejection period, specifically with increases to the endocardium
surface, as the ventricle cavity decreases. This can be seen by comparing the scaled vector arrows and grid lines on the inner surfaces of Figures 7.36(c)-(e) which correspond
to the endocardium. By the end of ejection there is a slight decrease in twisting on the
epicardium, which will be addressed subsequently.

(a) Start passive filling (0kP a) (b) Start IVC (1kP a)

x

(c) End IVC (10kP a)

y

(d) Mid ejection (18kP a)

(e) End ejection (12kP a)

Figure 7.36: Deformed configurations corresponding to positions labelled A - E in
Figure 7.35, viewed along the major axis (i.e z direction). Displacements in the y
direction, represented by scaled arrows are plotted throughout the canine left ventricle.

This global counter clockwise twisting of the left ventricle through out the IVC and
ejection phase is in line with MRI findings [17, 130] and other computational models
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[5, 141]. A more detailed analysis, however would not provide significant insight as a
single ventricle model, as used for this study, is incompatible with clinically measured
metrics of torsion such as Russel [116]. The right ventricle mass and the structural
stiffness it provides is unaccounted for in our model.
In Figure 7.37 the effective stress is plotted on the deformed configuration for positions
labelled A - E in Figure 7.35. Consistent with the earlier results in the passive rat left
ventricle, the spacial distribution of stress is consistently highest at the midwall. This
result is consistent throughout the longitudinal profile of the geometry. The peak stress
of the model is experienced mid ejection, and coincides with the peak active tension.
The stress state at the end of ejection is dramatically reduced, due to the reduced active
tension. As the active tension in the model continues to decrease, the stresses that result
from the incompressibility penalty term begin to have a more predominant role. As a
result the left ventricle begins to untwist on the epicardium surface.

(a) Start passive filling

(b) Start IVC

(c) End IVC

z
x

y

(d) Mid ejection

(e) End ejection

Figure 7.37: Effective stress for the Cosserat fibre model plotted on half of the
domain of the canine left ventricle during the cardiac cycle. Deformed configurations
corresponding to positions labelled A - E in Figure 7.35.

The active tension development provides the largest contribution to the overall stress
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of the left ventricle during systole. In Figure 7.38 the active tension is plotted on
the deformed configuration for the various stages throughout the cardiac cycle. The
developed active tension model is directly related to the timing of the cardiac cycle and
the sarcomere length, which in turn is a function of the strains of the left ventricle.

(a) Start passive filling

(b) Start IVC

(c) End IVC

z
x

y

(d) Mid ejection

(e) End ejection

Figure 7.38: Active tension for the Cosserat fibre model plotted on half of the domain of the canine left ventricle during the cardiac cycle. Deformed configurations
corresponding to positions labelled A - E in Figure 7.35.

In Figure 7.39, a more detailed analysis of the active tension and corresponding sarcomere lengths are presented alongside each other. Positions along the base, equator and
lower region are presented to elucidate the development of active tension in the Cosserat
fibre model. Important measurements with respect to the timing of the cardiac cycle
are summarised in Table 7.12.
Table 7.12: Timing of the active tension model during the systolic phase of the canine
left ventricle.

Position in cardiac cycle
End passive filling / Start IVC
End IVC / Start ejection
Mid ejection
End ejection

Time (ms)
81
106
133
308
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Sarcomere lengths in Figure 7.39, reach a peak at the end of diastole, at the start of
isovolumetric contraction they experience a steady and decline in length. This decline
continues into ejection until peak active tension is reached, after which the sarcomere
lengths seem to stabilise. Near the end of ejection, and into the early stage of isovolumetric relaxation, the sarcomere lengths start to increase in length. The range of sarcomeres
at the end of diastole is between 2.15µm − 2.4µm, this is within close proximity with
literature values, which present a range of sarcomere lengths for the canine between
2.17µm − 2.23µm [48, 117] and computational results which have an even larger range
2.16µm − 2.4µm [71].
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Figure 7.39: The active tension development over time for 9 particles located on the
free wall of the left ventricle plotted alongside the corresponding sarcomere lengths.
The results are presented in three rows, corresponding to positions along the base,
equator and lower region (roughly halfway between the equator and the apex). Each
figure presents results for particle positions at the endocardium (−−), midwall (− −)
and epicardium (···). The time line starts at the beginning of isovolumetric contraction,
(t = 0.081s), the first black vertical dashed line corresponds to the start of ejection and
the second black vertical dashed line corresponds to the end of ejection.
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Beyar and Sideman [9] has shown that sarcomere lengths on the endocardium shorten
more dramatically in systole than those on the epicardium, which occurs on our computational model, except for sarcomeres along the base. This is most likely due to the
influence of the basal boundary conditions. The overall shape of the active tension curve,
the dependency on the sarcomere length, and the relative deformation of the sarcomeres
correspond qualitatively with results found clinically or in other computational studies,
as shown in Figure 7.40.

(a)

(b)

Figure 7.40: (a) Clinically found results for active tension and Sarcomere lengths
[52]. (b) Computational model results for sarcomere lengths for different active tension
models [48].

The active tension for the model is slightly lower than expected, especially with respect
to epicardial active tension, which declines to zero for a number of positions on the left
ventricle. This is due to the dramatic decrease in sarcomere length, which falls below
the minimum required length of l0 to develop active tension. The calculation of the
sarcomere length for the Cosserat fibre model is slightly different from that presented
in Guccione et al. [49]. In Guccione, the computational model utilizes Cauchy Green
strain and subsequently the sarcomere length is calculated as
ls = ls0

p
tr(CMf ).

This form is meant to scale the original sarcomere length by the stretch in fibre direction.
p
This slight discrepancy tr(CMf ) 6= tr(UMf ), results in lower sarcomere lengths in the
Cosserat fibre model. While beyond the scope of this research, this could be remedied
by imposing a mathematical scaling on l0 , allowing the model to develop active tension
for lower sarcomere lengths and recalibrating the active tension model.
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Clinical measures
A healthy ejection fraction, Eq. (6.13), for most animals is approximately 50% [139].
This differs however with humans, who have a significantly higher ejection fraction
(Schlosser et al. [128] gives the normal ejection fraction in humans as 59.9% ± 14.4%).
The canine left ventricle has a slightly lower ejection fraction, reported at 47.0% [139]
and 42.0% ± 2.0% [109]. The resulting ejection fraction from the computational results
of Kerckhoffs [72] at 50% is mildly higher than the literature values and would result in
the left ventricle returning to the original unloaded state at the end of the cardiac cycle.
The computational results yielded an ejection fraction of 45.8%, which falls in line with
the literature values, and also provides a subsequent advantage for further modelling.
As the first cycle will not return to the zero stress state after isovlumetric relaxation, the
first cardiac cycle would maintain some residual stress. Subsequent cardiac modelling
starting from this point, would start passive filling with a residual pressure and stress
state, which is a more accurate reflection of the in vivo ventricle [100, 113].
The fractional shortening, Eq. (6.14), for the canine has a large range from 20% − 45%
[32, 98] . The computational result, 21.59% falls into the lower range of the literature
values. While within the normal range, it does imply that the computational model is
less contractile than the average canine left ventricle.
A fair amount of interest revolves around the timing of the cardiac cycle, otherwise
known as hemodynamics. The key measures of the Cosserat fibre model, being the
duration of isovolumetric contraction ∆tIVC and ejection ∆tEj , are presented in Table
7.13 alongside other computational studies and literatures values. While the duration of
ejection compares favourably to other computational models and literature values, the
duration of isovolumetric contraction is slightly lower than other studies. The duration
of 25ms is still within the range of literature values, given as 40 ± 22ms.
Table 7.13: Duration of ejection and isovolumetric contraction for the canine left
ventricle.

Parameter
∆tivc (ms)
∆tej (ms)

Cauchy
52
212

Kerckhoffs et al
44
194

Cosserat fibre
25
202

Literature range
40 ± 22 [81]
170 − 226 [81, 85, 142]

Incompressibility
Physiologically, the myocardium are perfused with blood and contain deformable vessels,
which affect the total volume of the myocardial walls during the cardiac cycle [10, 140].
Changes in myocardium volume between end diastole and end systole are low, with a
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range between 1% - 15% [7, 114, 149], indicating that the myocardium are near incompressible, or at the most, weakly compressible. The Cosserat fibre model produces a
volume change of 50% between EDV and EDS, which is roughly three times as much as
the high range values found in literature. This can be remedied by increasing the value
for Acomp , however the model is prone to numerical locking for high values of Acomp
during systole, and the choice of Acomp = 0.5 was found to be the most stable choice for
numerical experiments. The issue of numerical locking warrants further investigation,
and recommendations are made in the concluding chapter. The discrepancy between
the numeric and physiological result could also stem from the numerical model starting
the cardiac cycle in the unloaded state, without any residual stresses. A pre-stressed
configuration of the left ventricle may yield more favourable results with regards to incompressibility. Until subsequent cardiac cycles can be performed utilizing a pre-stressed
configuration of the left ventricle at the start of the cardiac cycle, it remains inconclusive
to the degree this is a flaw in the Cosserat fibre model.

Influence of the characteristic length
The inclusion of l as a material parameter introduces a feature of the micro space into
the problem, and allows for the direct inclusion of higher order strains in the constitutive
law describing the material. These provide a more detailed and physiologically accurate
description of the material.
To measure the influence of the characteristic length, the cardiac cycle from the start of
passive filling to the end of ejection was modelled without any inclusion of the change in
curvature strains, i.e l = 0.0. Results from this model were compared to the calibrated
Cosserat model whereby l = 0.6622. Comparative analysis between these two sets of
model results revealed that the inclusion of higher order strains predominantly affects
the systolic stage of the cardiac cycle. Regional mechanical features for both models are
presented in Figure 7.41.
As one would expect, the lack of defined curvature stiffness allowed for the left ventricle
to twist more freely. This is illustrated in Figure 7.41(b), whereby a particle on the
epicardium surface and along the equator experiences significantly larger displacements.
Differences are marginal in the passive filling stage, as the ventricle merely inflates
with little torsional deformation. This increase in deformation yields a larger material
stress which is illustrated in Figure 7.41(c). The most noteworthy result is perhaps the
similarity in the pressure volume curves, Figure 7.41(a), despite the clear discrepancies
in material deformation and stress.
This result, motivated a more detailed stress analysis, to be performed at multiple points
along the myocardium. This was done at four longitudinal regions of the left ventricle,
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Figure 7.41: Comparison of computational results between the calibrated Cosserat
fibre model, and the case where l = 0.0 for (a) the pressure volume relationship during
ejection, (b) a particle displacement from the equator of the canine left ventricle, (c)
the associated total effective stress for the same particle.

spaced equally apart as illustrated in Figure 7.42. At these positions, a stress analysis
was performed on positions corresponding to the endocardium, midwall and epicardium.

z

x

y

Figure 7.42: Labelled sampling points from the canine left ventricle utilized in the
stress analysis between models.
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The full difference between the effective stress of the two models is displayed in Figure 7.43. Here the L2 normed difference between the models is presented, normalized
with respect to the Cosserat fibre model. The analysis may explain the similarity in
the pressure volume relationships between the two models: the majority of the points
investigated had similar stress responses throughout the cardiac cycle, particularly the
midwall region. However, there seems to be larger discrepancies on the endocardium,
which from previous analysis, has shown to experience larger strains in general.
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Figure 7.43: The discrepancies in effective stress results for the calibrated Cosserat
fibre model, and the case where l = 0.0 at sampling points labelled in Figure 7.42.

The endocardium stress response in the Cosserat fibre model was significantly higher for
all points, indicating that at large strains, the additional curvature stiffness contribute
significantly to the material response. The discrepancies in the material stress for the
midwall, and the majority of the epicardium are significantly lower. Both models exhibit
the characteristic peak stress found at the midwall, which is consistent with previous
findings.
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Figure 7.44: The effective stress results for the calibrated Cosserat fibre model, and
the case where l = 0.0 at position 1 (i.e the equator) for different radial depths.
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Interesting to note is that the discrepancies at the epicardium result in the Cosserat fibre
model experiencing lower stresses than in the case where l = 0.0. This is significantly
pronounced, at the equator, where the lack of curvature stiffness combined with the
shortening of the minor axis, results in larger deformation and higher stress in the case
where l = 0.0. It may be that increases and decreases between stress at local regions
may average out on the global mechanical response.
One can conclude that the addition of the change in curvature stress into the kinematics
and constitutive law has a meaningful and quantifiable influence on the regional material
response of the myocardium. The changes in material response that result from the
inclusion of the characteristic length are non-uniform across the model geometry and, in
the case of the endocardium surface, can be as high as 25%. This is especially important
when considering localized analysis on stress and strain which is particularly relevant
for the case of acute myocardial infarction, whereby a region of the left ventricle is
weakened.

Chapter 8

Conclusion
The major objective of this research was to introduce a novel continuum description
for cardiac tissue and launch an initial investigation into the application for cardiac
mechanics. This chapter will summarise the major findings, acknowledge any potential
shortcomings and outline the future work for the research.

8.1

Summary and concluding remarks

The Cosserat fibre continuum description for cardiac tissue was successfully developed,
introducing a feature of the micro structure into the kinematics and constitutive laws of
the problem description. Together, alongside a mathematical model of the left ventricle,
initial investigations into cardiac mechanics were introduced with significant results. The
model describes the mechanical function of the heart, together with boundary conditions
that simulate the cardiac cycle from the beginning of passive filling to the end of ejection.
The geometry of the left ventricle was approximated using a truncated ellipsoid, with
the description of fibre orientation consistent with experimental data.
Both linear and nonlinear constitutive laws were developed for the Cosserat fibre model
which considered non-homogenised and homogenised contributions from the extra cellular matrix and fibre bundle components. Additionally an invariant constitutive law
Eq. (5.30) was developed for the nonlinear model.
Linear constitutive laws were able to successfully replicate small strain results for a
comparative Cauchy based model [82]. Utilizing the shear experimental data of Dokos
et al. [30], the material anisotropy was calibrated which included the characteristic length
l. The uniqueness of l cannot be confirmed without further experimental data, which
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forced the identification process to select the value for l which led to the closest fit to
the experimental data, provided by a Levenberg Marquad optimization algorithm.
The passive mechanics of the heart was described by the nonlinear transversely isotropic
constitutive law with a penalty term to enforce incompressibility, Eq. (5.13). This constitutive law was able to reproduce, qualitatively and quantitatively, the characteristic
nonlinear pressure volume curve for diastolic filling. With the identification of stress
scaling material paramters A, B and Acomp , the simulation results were well within experimental results for the rat left ventricle [21, 55, 99] and the computational results of
the canine left ventricle [72].
Two diseased cases relating to myocardial infarction were modelled for the passive case.
Results for the left ventricle with an infarct in the acute ischemic and the fibrotic stage,
followed closely to the qualitative descriptions found in the literature [11, 53, 56]. While
some findings can be deduced from the passive results, i.e that in the acute ischemic case
the high strains and strain gradients in the infarct region expose the area to a greater risk
of rupture or permanent deformation, further investigation into the ventricular function
and regional behaviour during systole is needed for conclusive analysis. More realistic
model simulations can also be constructed to provide more accurate results. These could
include a thinner wall thickness for the infarct region in the fibrotic stage, the inclusion
of an infarct border zone or utilizing the homogenised approach to accurately reflect the
higher collagen content in the remodelled infarct [69].
The systolic stage of the healthy canine left ventricle was simulated with mixed success.
Basic metrics of cardiac function such as ejection fraction and fractional shortening measured favourably against literature findings. During contraction the ellipsoid produces
the characteristic torsion that has been found experimentally. The active tension of the
left ventricle was modelled using the Guccione et al. [51] active stress model, where active stress is added to the aforementioned passive stress. A slightly different formulation
was introduced based on the first Cosserat strain tensor U as was necessary to be consistent with our model. The evolution of the sarcomere lengths and active tension in the
Cosserat fibre model while still within the reasonable range of results, was slightly lower
than those found in literature. Despite this, the model was able to reproduce clinically
measured features like the ejection fraction and ejection timing significantly well.
To avoid numerical locking during ejection, the incompressibility constraint was deliberately weakened, which in turn may have affected the slightly below average active tension
development on the epicardium. Without repetitive cardiac cycles, it is inconclusive how
significant this under performance is.

Chapter 8. Conclusion

108

The materially calibrated characteristic length was shown to have a significant and
meaningful influence on the material description of the left ventricle. This was most
prominent during systole and especially so during ejection. Regional material response
was quantifiable different due to the inclusion of higher order strains in the constitutive
law description. These differences may be averaged out on the global scale, when measuring the left ventricle’s ability to pump blood, as the pressure volume relation was only
modestly influenced. However, from a mechanical standpoint, the material description
is meaningfully different. This has serious implications when considering the infarct region of the left ventricle following acute ischemia. The thinning of the infarct region and
potential risk of rupture is related to the regional stress and strain distribution [11, 56].

8.2

Future work

Numerical locking and Incompressibility
Further investigation is recommended to analyse the source of numerical locking and how
weakening the incompressibility constraint avoids it. Numerical locking with elementfree Galerkin methods is rare, and the problem may not be related to incompressibility.
Nonetheless, it is recommended that different methods of enforcing incompressibility
should be investigated to evaluate the most compatible approach with the Cosserat
fibre model.

The cardiac cycle
As an initial investigation the current research presents results up until the end of systole.
The isovolumetric relaxation phase has been excluded, due to time constraints. Initial
investigation into the modelling and computational results shows that the Cosserat fibre
model is compatible with this phase, and that expected material response is present. i.e
steady reduction in stress throughout the material and subsequent untwisting. In further
work, the isovolumetric phase must be included with sufficient analysis to accompany
it.
The next phase of investigation would be to run multiple cardiac cycles, in a continuous computational experiment. The final deformation of the ventricle at the end of
one cycle is used as the starting point for the subsequent cycle. In this way, residual
stress can be included in the model and a more realistic cardiac cycle can be modelled.
Additionally with the inclusion of multiple cycles, further analysis can be performed
that would otherwise be unavailable. This includes metrics like heart rate (measured in
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beats per minute) and cardiac phenomena like the Frank-Starling mechanism (for more
information see [125]).

Material experiments for tissue specimens
The current research is substantially limited by the availability of experimental data
available in the literature. Specifically with respect to material testing of higher order
curvature deformations. In order to obtain a unique and accurate material value for the
characteristic length l, further research is needed into experimental testing on cardiac
tissue specimens. Ideally, a study detailing the fibre orientation of tissue specimens
undergoing shear deformations ( as in [30]) would be accompanied by experiments investigating the torsional response for the same species. This would provide enough data
to define the material anisotropy for a fully orthotropic constitutive law and provide
enough information to confidently identify a unique characteristic length.

Application to non symmetric geometries
Establishing a model that can handle realistic geometries is an important objective
that would allow for a more realistic analysis of cardiac mechanics. The application
of the kinematics and the enforcement of the boundary conditions remains relatively
straightforward. The application of a constitutive law which is fibre dependant is far
from trivial. There are two main approaches on how to overcome this. The first is define
the fibre direction a priori, which is usually achieved from extracting density information
from MRI images. The second technique, relies on the definition of the fibre orientation
on the reference geometry and projects the orientation through a mapping onto the new
realistic geometry.

Appendix A

Additional derivations
A.1

Alternative fibre coordinate derivation

The following derivation is highly compatible with implementation. In the case where
the fibre coordinate system is orthonormal the following can be applied.

Coordinate transformation of tensor components
Consider a vector quantity v, whether expressed in the cartesian coordinate system, or
the fibre coordinate system, the vector quantity remains unchanged, even though the
component may differ under the different frame description. That is to say

v=

3
X

vi ei =

i

3
X

v́i Vi

(A.1)

i

For the purpose of deriving a relationship between the different coordinate systems, let
Qij denote the dot products between the two bases as
Qij = ei · Vj .

(A.2)

Utilizing this component matrix we can easily construct transformation from one coordinate system into the other. This can be seen quite easily when considering the following
reasoning,
ei = ei 1 = ei (Vj ⊗ Vj )
= (ei · Vj )Vj
= Qij Vj .
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Where the convention of summing over repeated indices has been assumed. The following
relationships hold are equally valid
ei = Qij Vj

and

Vi = Qji ej .

(A.3)

It’s clear that Qij describe the components of a second order transformation tensor Q,
whereby the first and second indices correspond to the Cartesian frame and the fibre
reference frame respectively Q = Qij ei ⊗ Vj . Retrieving components of the vector v in
whichever reference frame can be achieved in the following manner
v = Qv́

v́ = QT v.

and

(A.4)

Similarly second order tensor quantities can be projected onto the fibre reference frame
by considering the conversion of each of the bases. To achieve this one needs to contract
the second order tensor with two transformation tensors
QT TQ = Tij QT ei ⊗ ej Q
= Tmn Qmr Qns Vr ⊗ Vs
= T́ij Vi ⊗ Vj .
In general, second order tensor components can be related by the different coordinate
frames in the following manner
T́ij = Qmi Tmn Qnj

and

Tij = Qim T́mn Qjn .

(A.5)

For the purpose of modelling one dimensional Cosserat rods, consider a one-dimensional
fibre continuum mapped by the coordinate s = s(ϑi ). As such the fibre is assumed to
be embedded in three dimensional space. The fibre deformation gradient is given by:
F(s) =

∂x ∂ϑi
⊗ V F = vF ⊗ V F
∂ϑi ∂s

(A.6)

where VF denotes a vector in fibre direction and the fibre direction in the current
configuration is expressed by vF = FVF . In this sense, F(s) is the projection of the
deformation gradient F in direction of the fibre. An equivalent formulation, makes use
of the change of coordinate tensor Q. The deformation gradient is written in terms of
the fibre local coordinate system
F́ij Vi ⊗ Vj = Qmi Fmn Qnj Vi ⊗ Vj ,

(A.7)
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Linearisation of the variational statement

Consider the internal work of the variational statement in the following form:
Z
{n : δU + m : δK} dV

Wint =

(A.8)

B

The linearisation of this statement produces the following terms
Z

∂n
∆U : δUdV +
∂U

(A.9)

∂n
∆K : δUdV +
∂K

(A.10)

∂m
∆U : δKdV +
∂U

(A.11)

∂m
∆K : δKdV +
∂K

(A.12)

{n : ∆δU + m : ∆δK} dV

(A.13)

B
Z

ZB
B
Z
B

Z
B

Consider the first couple term (A.10) in index notation,
Z
B

∂nij
∆Kkl : δUij dV,
∂Kkl

(A.14)

the double contraction sign, : is kept purely for convenience of separating terms. Consider
the introduction of fourth order Tangent Stiffness tensors denoted by H(i) , i = 1, 2, 3, 4
for each of the first four terms (A.9) - (A.12). The term to integrated can now be
expressed in the following way
(2)

Hijkl ∆Kkl : δUij ,

(A.15)

The variants of ∆Kkl and δUij can be expressed in terms of y and δu (and w, because
U = RT F) in the following manner,
(2)

=

Hijkl Rmk ym,l : {(−RT W F )ij + (RT δF )ij }

=

Hijkl Rmk ym,l : {−Rri rst Fsj wt + Rni δFnj }

(2)

(2)

= Hijkl Rmk ym,l : {−Rri rst Fs,j wt + Rni δun,j }

In the same manner we deal with the second couple term

(A.16)
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(3)

Hijkl ∆Ukl : δKij ,

(A.17)

The variants of ∆Ukl and δKij can be expressed in terms of ∆u and w in the following
manner,
(3)

=

Hijkl {(−RT Y F )kl + (RT ∆F )kl } : Rmi wm,j

=

Hijkl {−Rrk rst Fsl yt + Rnk ∆Fnl } : Rmi wm,j

(3)

(3)

= Hijkl {−Rrk rst Fs,l yt + Rnk ∆un,l } : Rmi wm,j

(A.18)

This leaves the following additional expression to include in the code
(2)

+ Hijkl Rmk Rni kδun,j ym,l

(A.19)

(2)

(A.20)

(3)

(A.21)

−Hijkl Rmk Rri rst Fs,j kym,l wt
−Hijkl Rrk rst Rmi Fs,l kwm,j yt
(3)

+Hijkl Rnk Rmi kwm,j ∆un,l

(A.22)

Variants of the Cosserat strains
The variation of U is expressed as:
δU = δ(RT F) = δRT F + RT δF
= (WR)T F + RT δF

(A.23)

Note that variations of rotations are not only multiplicative, but for the quasi-static case
we only consider the so called left group action asW is skew-symmetric. This allows us
to express:
δU = −RT WF + RT δF
= −RT WF + RT δu,i ⊗ Gi

(A.24)

We are able to express δK through it’s axial vector k in a similar manner to how we
obtained (A.24) as
δki = axial{δ(RT R,i )} = RT w,i .
Where w is the axial vector of W.

(A.25)
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Additional derivations for the invariant formulation

∂Q ∂Ji
∂Ji ∂U

∂J4
∂J5
∂J6
∂J7
∂J8
∂J9
+ 2b2 J5
+ 2b3 J6
+ b4
+ b5
+ b6
=
∂U
∂U
∂U
∂U
∂U
∂U
= 2b1 J4 Mf + 2b2 J5 Mt + 2b3 J6 Mn + b4 UMf + b5 UMt + b6 UMn =

=
2b1 J4 (Mf )ij + 2b2 J5 (Mt )ij + 2b3 J6 (Mn )ij + b4 Uik (Mf )kj +

b5 Uik (Mt )kj + b6 Uik (Mn )kj ei ⊗ ej ⊗ ek ⊗ el
= 2b1 J4

with
∂J1
∂U
∂J2
∂U
∂J4
∂U
∂J5
∂U
∂J6
∂U
∂J7
∂U
∂J8
∂U
∂J9
∂U

=
=
=
=
=
=
=
=

∂(trU)
=1
∂U
∂(trUT U)
= 2U
∂U
∂(tr(UMf ))
= Mf
∂U
∂(tr(UMt ))
= Mt
∂U
∂(tr(UMn ))
= Mn
∂U
∂(tr(UT UMf ))
= 2UMf
∂U
∂(tr(UT UMt ))
= 2UMt
∂U
∂(tr(UT UMn ))
= 2UMn
∂U

and
∂ 2 J7
∂U∂U
∂ 2 J8
∂U∂U
∂ 2 J9
∂U∂U

=
=
=

∂(Uim (Mf )mj )
= 2δik (Mf )jl ei ⊗ ej ⊗ ek ⊗ el
∂Ukl
∂(Uim (Mt )mj )
= 2δik (Mt )jl ei ⊗ ej ⊗ ek ⊗ el
∂Ukl
∂(Uim (Mn )mj )
= 2δik (Mn )jl ei ⊗ ej ⊗ ek ⊗ el
∂Ukl

Also, we consider the linearization of n
∂n
∂U

=

1
∂Q ∂Ji ∂Q ∂Jj
1
∂Q ∂ 2 Ji
AB 2 expBQ
+ A expBQ
+
2
∂Ji ∂U ∂Jj ∂U 2
∂Ji ∂U∂U
1
∂ 2 Q ∂Ji ∂Jj
A expBQ
+ compressibility term
2
∂Ji ∂Jj ∂U ∂U

(A.26)
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with
∂Q ∂Ji ∂Q ∂Jj
∂Ji ∂U ∂Jj ∂U

= (2b1 J4 (Mf )ij + 2b2 J5 (Mt )ij + 2b3 J6 (Mn )ij + b4 Uik (Mf )kj +
b5 Uik (Mt )kj + b6 Uik (Mn )kj )
(2b1 J4 (Mf )kl + 2b2 J5 (Mt )kl + 2b3 J6 (Mn )kl + b4 Ukm (Mf )ml +
b5 Ukm (Mt )ml + b6 Ukm (Mn )ml )

∂Q ∂ 2 Ji
∂Ji ∂U∂U

∂ 2 Q ∂Ji ∂Jj
∂Ji ∂Jj ∂U ∂U

A.4

∂J7 ∂ 2 J7
∂J8 ∂ 2 J8
∂J9 ∂ 2 J9
+ b5
+ b6
=
∂U ∂U∂U
∂U ∂U∂U
∂U ∂U∂U


= 2 δik b4 (Mf )jl + b5 (Mt )jl + b6 (Mn )jl ei ⊗ ej ⊗ ek ⊗ el

= b4

∂J4 ∂J4
∂J5 ∂J5
∂J6 ∂J6
= 2b1
+ 2b2
+ 2b3
=
∂U ∂U
∂U ∂U
∂U ∂U


= 2 b1 (Mf )ij (Mf )kl + b2 (Mt )ij (Mt )kl + b3 (Mn )ij (Mn )kl ei ⊗ ej ⊗ ek ⊗ el

Transformation between Prolate spheroid and Cartesian coordinates

In Section 6.2.1, the Cartesian coordinates were given as
x = C sinh(η) sin(θ) cos(φ)

(A.27)

y = C sinh(η) sin(θ) sin(φ)

(A.28)

z = C cosh(η) cos(θ)

(A.29)

To isolate an expression for φ comes naturally from the combination of Eqs. (A.27) and
(A.28) whereby
y
= tan(φ)
x

(A.30)

To find expressions for the focal points consider the focal points of the ellipse, d1 and
d2 defined by
d21 = (z + C)2 + x2 + y 2

(A.31)

d22 = (z − C)2 + x2 + y 2 ,

(A.32)

and a simplification for x2 + y 2 which is given by

x2 + y 2 = C 2 sinh2 (η)sin2 (θ) cos2 (φ) + sin2 (φ)
= C 2 sinh2 (η)sin2 (θ).

(A.33)
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The full expression for d1 in prolate coordinates is given by
q
z 2 + 2zC + C 2 + C 2 sinh2 (η)sin2 (θ)
q
= C cosh2 (η)cos2 (θ) + 2cosh(η)cos(θ) + 1 + sinh2 (η)sin2 (θ).

d1 =

(A.34)

Utilizing the trigonometric identities sinh2 η = cosh2 η − 1 and sin2 θ + cos2 θ = 1, allows
us to impose simplifications to the expression such that
d1 = C
= C
= C
= C

q

cosh2 (η)cos2 (θ) + 2cosh(η)cos(θ) + 1 + sinh2 (η)sin2 (θ)

q

cosh2 (η)cos2 (θ) + 2cosh(η)cos(θ) + 1 + cosh2 (η)sin2 (θ) − sin2 (θ)

q

cosh2 (η)(cos2 (θ) + sin2 (θ)) + 2cosh(η)cos(θ) + 1 − sin2 (θ)

q

cosh2 (η) + 2cosh(η)cos(θ) + cos2 (θ)

= C (cosh(η) + cos(θ)) .

(A.35)

The same derivation applied to the expression for d2 yields
d2 = C (cosh(η) − cos(θ)) .

(A.36)

This allows us to isolate θ and η in the following expressions
cos(θ) =
cosh(η) =

d1 − d2
2C
d1 + d2
.
2C

(A.37)
(A.38)

Appendix B

SESKA
SESKA is a C++ code built upon several libraries by Dr S. Skatulla since the start of the
2000s. The main software objective is to solve continuum mechanics problems utilizing
the element free Galerkin method (EFG). The preprocessing, calculation process and
post processing are all carried out by the code. The geometry definition and 3D solution
visualisation are handled by the pre/post processing commercial software package, GiD.
Most of SESKA’s processes are parallelised using the OpenMPI library, thus allowing
large problems to be solved on high performance computers.
The solving process in SESKA is outlined as follows: the construction of shape functions,
assembly particle contributions to a global stiffness matrix and/or mass matrix (for
dynamic problems) and solves the set of equations either in a linear or Newton Raphson
scheme, depending on the problem description.

Shape functions
Since SESKA employs the EFG method, it needs to primarily find the supporting nodes
of all individual particles belonging to the domain. Actually two methods have been
used. Either, all the nodal distances relative to a particular particle is calculated and
nodes found within the defined radius of support are included in a support particle list,
or, the elements connectivity, within a mesh, is used to find the neighbouring nodes.
Regarding the influencing zone, SESKA defines them in a flexible way. For example,
a geometry with different densities of scattered nodes have different supporting radius.
Their shape is defined as either a cuboid or a sphere, with the influence radius being
different in each direction (useful if shape functions are computed while taking the
anisotropic material properties into consideration). After finding all supporting nodes,
the MLS method is then employed to calculate the shape functions and its derivatives.
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Calculation
The calculation process is carried out using external libraries coupled with the constitutive laws setup in SESKA. The following packages are used:
BLAS Basic Linear Algebra Subprogram is a set of code that allows a user to perform
common linear algebra operations. The functionality of BLAS library is characterised by three levels. Level 1 contains a vector-vector operations, Level 2, a
vector-matrix operations and level 3, a matrix-matrix operations.
LAPACK Linear Algebra PACKage is a software library written in Fortran for numerical linear algebra. It contains routines to solve systems of linear equations,
eigenvalue problems and single value decomposition. LAPACK heavily relies on
the BLAS libraries to perform efficient matrix operations.
ParMETIS The ParMETIS library contains several highly efficient algorithms for mesh
partitioning, matrix reordering and others primed for the use of parallelisation.
PETSc The Portable, Extensible Tool-kit for Scientific computation are libraries that
allows BLAS, LAPACK and openMPI to work together in order to solve for scalable (i.e large) scientific computational problems. PETSc provides many of the
mechanisms needed for solving large systems of equations within a parallel code
environment, such as simple parallel matrix and vector assembly routines that
allow the overlap of communication and computation.
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